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ABSTRACT

In this work we study the existence and uniqueness of solutions and decay rates
to the total energy and the L2-norm of solution for a semilinear second order
evolution equation with fractional damping term and under effects of a
generalized rotational inertia term in the case of plate equation. This system
also includes equations of Boussinesq type that model hydrodynamic problems.
We show decay rates depend- ing on the fractional powers of the operators and
using an asymptotic expansion of the solution to the linear problem, we prove
for some cases depending on the exponents of the operators, the optimality of
the decay rates.
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1 INTRODUCTION

We consider in this work the following Cauchy problem associated
to plate/Boussinesq type equations with a fractional damping and a

generalized fractional rotational inertia term in R~

uge + (—A)uy + aA2u — Au+ (—A)fu, = .J’(—A)”‘(u“). (1)
u(0,z) = uo(x),
ue(0,z) = w(x)

with u = u(t, x), (t, x) € (0, 0) x Rn,a >0, B €R, p>1integers and
u0, ul are the initial date. The Laplacian power d, 6 and y are such that 0 < &
<2,00=<2and0=<y=<1.

The function u = u(x, t), for example e, in the case d = 1 and B = 0,
describes the transverse displacement of a plate without non-linear effects, but
subject to effects of rotational inertia and a fractional dissipation represented
by the term (—A)But . In the case d = 0 and B = O the linear equation in (1)
models the plate displacement without rotational inertial effects.

In the case 6 = 2, B 6= 0 and y = 1 the equation in (1) is a Boussinesq
equation of sixth order under dissipative effects to model hydrodynamic
problems (see [16], [6]). If 6 = a = 0, y = 1, B 6= 0 and without the
dissipative term the equation in (1) is a generalized Boussinesq equation. If
the nonlinearity has the form A(u 2 ) the equation is called the Boussinesq
equation (Bqg). With this type of nonlinearity and d = 1, a = 0 and without the
dissipative term, the equation in (1) is called the improved Boussinesq
equation (IBq). This same equation with more general linearity as it appears
above in (1) is called the IMBq equation (Modified IBq) (see [15]). All these
variants of Boussinesq have many physical applications, such as the
propagation of longitudinal waves of deformation in an elastic rod in the case
of the dimension n = 1, propagation of shallow-water waves. Six-order
Boussinesq equation was derived in the study of surface layers of nonlinear
plasmas and non-linear chains (see [1], [5]). In Maugin [12], Maugin proposed
such a Boussinesq model to model the dynamics of nonlinear networks in

elastic crystals.
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In the article by Chardo-Horbach-Ikehata [7] the authors studied the
equation in (1) for the linear case B = 0. In that paper they studied decay
rates for the linear problem and showed that the rates are optimal under the
conditions 12 <08 <min{32,0+12}and0<d < 0.

In this paper our aim is to show the existence and uniqueness of solution
for both the linear problem and the semilinear problem and to get decay rates
for the semilinear problem under suitable conditions on the initial data and the
fractional exponents of the Laplacian operator. Our results improve several
previous works (see [2], [3], [8], [9] [11], [13], [14], [15], [16]).

1.1 Basic Results

In this section we introduce some results and technical lemmas that
will be used in this paper. Part of these results are known and standard and
the proof is not necessary.

The method to prove our results such as properties of the Cauchy
Problem (1) includes to apply the Fourier transform to get an equivalent
Cauchy problem in Fourier space associated with the problem (1). Thus, we
need to define the Fourier Transform of a function as usual.

Definition 1.1: Ifu € [2(R") then we denote for Fu the Fourier Transform

of u given by

e
&

() = Ful) = | — / e " Su(z)dz.

1

In addition, we denote by F -1i the inverse Fourier Transform of ii given

: 1\?2 . ¢
F_lr}(g}: (;) / e Su(€)dE.

Foru € H? (R) the operator (—A)° is defined via Fourier transform by

(=A)*u(z) = F |- P*a(-)](z), zeR"
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Theorem 1.1 (Plancherel Identity) For all function u € L?(R") it holds that
[ull =[|Full.
In this work we use the space Hs(Rn) for s € R. The following

definition is the equivalent to the usual definition of As(Rn).

Definition 1.2: For s € R we define the space
H(R") = {ueS'(R") /(1+ €)% € LAR")}.

In the case Hs(Rn) with s > 0 we use the following equivalent norm and

inner product

nun'%p:[<1+|£|‘3-">|a|2«15 and <u.r>u~=/<1+|£|‘-’-*>fzf~ds.

Bn

In the case H-s(Rn) withs >0 we use the norm and inner product given

by

||| % :/ (14 €))7 |a]*de  and (u.z'),,.\:[ (1 + |€**) " ad dE.

Remark 1.1: When s = 2 we consider the following norm and inner

product equivalent to usual

||11||f,2:[(1—+—IE|2+(}§E|')|1}|2(I£ and (u.l'),,z:/(1+|£|2+n|£[l)f1;(l£.

n

Let consider the space of functions where we only take in account the

derivative of greater order, that is, the space 7% mP(Rn), is defined for m, p

€ Z, p=1 by
W™P(R") = {u € S'(R")/ df € LP(R") with u = (—A)ﬂ""‘gf}. forall meZ,peZ,p>1.

We may represent this space by

W™P(R™) = (—=A)"™2L[P(R").
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The norm in this space is defined by

[wllyypms = / [(=A)™2u(z) |Pda.

Using the inner product and norm defined above, we can show some
properties involving the spaces AHs(Rn). These properties have fundamental

importance to show existence and uniqueness of solution for both linear

and semilinear case.

Lemma 1.1: Letu € Hs(Rn). If°® >3 then exist a constant C > 0 such

that
lu(z)| < C|lul|gs, VzeR".

n
§ =3 we have Hs(R") continuously imbedding in L*(R7).

That is, when
Lemma 1.2: (Hs(R7) is an algebra, s > n/2) Letu, w € Hs(Rn). If © = 2

then exist a constant C > 0 such that

Juw|g- < C flull

w| Hs.

This Lemma is proved in the article of Kato-Ponce and Wang-Chen.

Lemma 1.3: Letu € Hs(Rn). If and p = 1 integer then there exist a

constant C > 0 such that
[u?|| s < C|lulf%e.

Proof: For p = 1 the lemma is trivial. For p > 1 integer applying Lemma

1.2 p -1 times we get the result.

n
Lemma 1.4: Let u € Hs(Rn). If ° ~ 2 and p > 1 integer then exist a

constant C > 0 such that
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[llzs < Clulf..

Proof: definition of norm L!(R») we have

[0 = / o < / Y| u|da.

Using Hélder’s inequality with 2 © 2

1/2 1/2
|uP||pr < < |'1,1,”_1|2d.1'> (/ |u|2d:L'> < ||| 2 llwllze < ||| ars ||| s
RIL n

The proof follows from the fact that p > 1 is integer and A5(Rn) is an
s>
2

we have

algebra for
Lemma 1.5: Let u, w € Hs(Rn), $>3 and p > 1 integer. Then there

exist a constant C > 0 such that
: —1 -1
lw? = wlls < C(Ilull + lwlf) e = wile.

Proof: Define h(1) = Ar then h!(1) = p Ar-1. By the Mean Value Theorem we

have
uP — wP = p NP Hu — w)
where
A= (1—€)u+ ew,

forsome 0 < € < 1.

Therefore, using Lemma 1.1 and the fact that p is integer, we have

= wlze = pI X (=)l < I lu=wliae < © (e + ol ) u = e
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1.1.1 Abstract Linear Problem: Existence of Solution
Let X be a Banach space and B a linear operator on X. Considering the

abstract Cauchy problem

dU (2)
{ SS=BUW

U(0) = U,

the following result holds.
Theorem 1.2: If B is the infinitesimal generator of a Co-semigroup
on X then, for each Up € D(B) the problem (2) admits a unique strong

solution
U(t) = S(t)Uy € C(RY, D(B)) N C*(R*, X),

where S(t) is the semigroup generated by the operator B.

IfUp € X then we say that U(t) = S(t)Up € C(R*, X) is a weak solution
for (2).

Theorem 1.3: If B is the infinitesimal generator of a Co-semigroup
contractions on a Banach space X and | is a linear and bounded operator

on X, then B +] is a infinitesimal generator of Co-semigroup on X.

1.1.2 Abstract Semilinear Problem: Existence of Solution
Let X be a Banach space and B a linear operator on X. Consider

the abstract Cauchy problem

{ % — BU(t) + FU(t) (3)
U(0) = U

where Up € X, t > 0 and F is a nonlinear operator.

Definition 1.3: An operator F: D(B) — D(B) is continuous Lipschitz on
bounded sets of D(B) c X if given a constant M > 0 there exist a constant Ly >
0 such that
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|FU) = FW)llx + I1B(EW) = FW))l1x < CLu (IU = Wllx + B - W)x)

for all U and W in D (B) such that

\Ullx + || BU||x < M and |[W

x + [|[BW]|x <M.

The next result is well known.
Theorem 1.4: Let F: D(B) — D(B) a continuous Lipschitz operator on

bounded sets of D(B) C X. Then, for each Uy € D(B), there exist a unique
strong solution U = U (t) of the Cauchy Problem (3) defined in a maximal

interval [0, T.) such that only one of the following conditions is true

(i) T, = (it) T,, < oo and Ilig}l \U|lx + ||BU||x = +oo.

The solution U = U(t) of Cauchy Problem (3) belongs to the following

class

U e C'([0,Tn), X) NC([0,Tw), D(B)).

1.1.3 Tecnical Lemmas

In this section we present some lemmas that we use to prove the
existence and uniqueness of solution as well as some lemmas used toget decay
rates in time of the solution. Some of those lemmas have already been proved
in HORBACH, J. L., IKEHATA, R. e CHARAO, R. C.

Lemma 1.6: Let ¢ and r be positive numbers and a € R. Then, there

exists a constant C > 0 such that
tre k"t < ClE|I7 Vt>0, £ €R™, € £N0.

Lemma 1.7: Llet k > -n, 8 > 0 and C > 0. Then there existe a

constant K > 0 depending on n such that
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/ e~ClEl’t gk de < Kt"%", Vt>0.

Lemma 1.8: Let k > -n, 86 > 0 and C > 0. Then there exist a
constant K > 0 depending on n such that

/ (3_C’£|U"|f|kd£ < K(1+ t)_%&, vVt > 0.

Lemma 1.9: Letn = 1, a > 1 and p > 1 integer. Then, there exist
a constant C = C(a, p) > 0 such that

t
(1+ t)“/ (1+7)PQ+t—7)"%dr <C, vt > 0.
0

Proof: To estimate the above integral, we separate it into two integrals,

t t
that is, an integral over the interval [0’ 5} and the other over [5’ t].

t
First, we observe that, if 0 < 7 < 2 ‘we have 1+t < 1+42¢t-t <

2+2t-27 < 2(1+t—7) and this implies (1 + t — 7)2< 29(1 + t)¢, for g >
1. Then, for ap > 1, we get

t t
(1+t)a/ (1+T)~pa(1+t_7_)~ad7_ S2ap(1+t)a—ap/

t

(1+t—7)%r

t
‘ 1 t — l—a
S _2(1[)(1+t)afap( +1 T)
— a

1 2(!])
S 2(1]}(1 + t){l*(l.pa — 1 S — 1

[N

Finally, we define

g 90
Cla,p) = max{a—l’ap—l}

to get the proof of lemma for all t > 0.
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2 EXISTENCE AND UNIQUENESS: LINEAR PROBLEM

In this section using the the semigroup theory we show the
existence and uniqueness of solution to the following Cauchy problem
associated with an equation of Boussines/plate type with a structural

rotational inertia (to the case of plates) and a fractional dissipation in R~

with n > 1.

ugt + (—A)ug + aA?u — Au+ (—A)%u; =0 (4)
u(0, ) = uo(x)
ut (0, ) = w1 ()

where v = u(t, x), (t, x) € (0,)R?, g > 0 is a constant. The exponents

of the Laplacian operators 0 and faresuchthat0 < 0 <2and 0 <6 <

244
2.

Formally, the inner product in /2(R"?) between the differential equation

in (4) with u; is given by

L2 p0) 4 I(=A) "l =0, V>0 ®)
where the total energy E£(f)) of system (4) is given by

B(t) = o (uall + 1= 8)2]? + all Aul? + | v w?). ©
Then, isnatural to define the energy space as

X = H*(R") x H’(R"). (7)

Note that in case 0 > 2 we have H?(R®) c H5(Rn») and this is unnatural
because in this case u:; would be more regular than u. Another relationship

we need to take care is the relationship between 6 and 8 because in the

energy identity appears (—A)%2u:; and in the case 0 < 8 we have H9R") C

HS5(Rn). Also it is necessary to consider the relationship that comes from

Ci. e Nat., Santa Maria, v. 42, e37, p. 1-44, 2020
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240
2

Luz-Ikehata-Charao (see [4]) where the condition of 8 < appears. To

show the existence and uniqueness of solution we need consider two case
between 0 and @ and we rewrite the Problem (4) in a problem of first order

on X as follows

dt

{ Y _ pr+w)
U(O) = Uy

where U = (u, u:), U (0) = (uo, u1) and the operators B and ]|
depends on the cases 6 < dand & = 0.
Before we show the existence and uniqueness we need the definition

of two important operators, the operators 4> and As. These operators are

essential for the definition of the operator B. For the case 0 < 8 < 0 we use

the operator A; to define B, while in the case 0 < 0 < @ we use the two

operators, A2 and Ao to define the operator B.

2.1 The operator Aj
To define the operator A; we need to consider j = 8. We define the

domain of Ajas the subspace of H(R") given by2
D(4;) = {1 € H(R") / 3z =2, € H*(R") such that

(=AY 20, (=AY ")) + (v,9) = (2,9) + ((=A)"%z, (=A)*p),V ¢ € HJ‘(R")}.

Following the definition of D(A;) the operator Aj, it shall be defined

as

A; : D(A;) — H°(R™) (8)
AJ'U = Zy, v € D(AJ)

Formally we have that the operator A, is given by

Aj = (I+(=A)°) (I + (-A)).
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Lemma 2.1: For all v € Hi(Rn) exist at most one y = yy € H8 (Rn)

such that

(=AY, (=AY 2P) + (v,9) = (2,9) + ((—A)" %z, (—A)°/%), V ¢ € H?(R™). (9)

Proof: If y1, y2 € H5(R") satisfy the relation (9) and because ¢ (Rn) is

dense in H(R") we have
(31— y2, %) + (—A)(y1 — ), (-A)%p) =0, VY e CPR?).  (10)
Consider y := y1 — y», by the density of ¢ (Rn) in Hb5(Rr), there
exist {}en € €0 (R7) such that

lim v, =y in H°(R")

Y—00
therefore,

1Yy = yllgs — 0, if v — o0,

or yet

140 = yllzs = lyllzs — 2@y, ) ms + |[Yullfs — 0, when v — oo. (11)
Due to

el = llyll| < llvw =yl

we conclude that

[¥ullgs — llyllgs  incase v — oo (12)

Using (11) and (12) we conclude that

lim (y,%0)us = [lylls.

V—

From (10) and the definition of inner product in H#5(R") we have

Ci. e Nat., Santa Maria, v. 42, e37, p. 1-44, 2020
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0= (y, %) + ((=A)"y, (=2)"2¢,) = (y, %) s

Thus, from (11) and (12) we have
0= lim (y,%,) s = [|[y||7s-
—00

Therefore, we conclude thar y1 = y».

Remark 2.1: Due tov = 0 € D(Aj) and Lemma 2.1 it follows that A;
is well defined.

Lemma 2.2: Forj = ® = O it holds that D (A;)H%-6(R~) and there

exist a constant C > 0 such that

V|| g2i-s < Cl|Ajv| ps, Vv e D(A)).
Proof: Let v € D(A,) for definition of D(4;), there exist y = y, € H5(R")
such that
(=AY, (=AY*)) + (v,9) = (2,9) + ((-A)?2,(-A)y),  Vye HR"). (13)
We now define the functional F; : H5(R») —— R by

(FL,9) = (%) + ()%, (-8)y), V¢ e HR).

It is easy to see that F: is well define and linear. Moreover, using
Plancherel theorem 1.1 and the norm define in H5(R"?) we proof that A is

a bounded operator. In fact

[(Fr, ) < (g, )|+ [((=2)2y, (=2)°729) | < llyll 9]l + [|(=2)"2y|| | (=2)2]|
< gl 121+ WEPFNNEPLN < 20yllms 1¥llms, Vo € HO(R?).

Using the density of S(R») in Ai(Rn) , the varational problem (13)

takes the following form

((=A)20, (=AY2Y) + (v,¥) = (F1,¥), V¥ € S(RM).
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Thus we conclude that (-A)v + v = F; in S'(R»). Applying the

Fourier Transform, where z = Ajp, we conclude

o 1 27 (14)
t=Aw= Lﬂra{,
1+ €7

Calculating the [?(R7) norm for each term in the identity (14) we

obtain

“dE.

[ @i igpiopde = [ @iz

From the fact that (1 + [&%)-1(1 + |&%)? is equivalent to 1 +

18229 we conclude that

/ (1+ 1229 opde < © [ (1+ €23

Rn
Following (15) we have that
[0l 2i-s < Clz]|ms = C|Ajv][ms,

for all ve D(Aj).

Note that the condition of J <j is required, since H%-5(Rn) must
be contained in H(R").
Lemma 2.3: Let 0 < O < j then H%-8(Rn) < D(A;), that is, Let v €

H2-8(Rn) then there existy € H8(Rn) such that
(=AY 20, (=AY Y) + (v,9) = (2,9) + ((—A)"%2, (-A)"%yp), Vi € HI(R™). (16)
Proof: Let v € H%-6 (R») and G: : H5(R») —— Rgiven by

(G1,9) = (=AY %0, (=A%) + (v,v), Vi € H'(R™).
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Thus G; is well define and linear. Similarly to the proof that F; is

continuous we may prove that G; is continuous (|Gi| < 2\ W\ mzi-s).

Let @1 : HS(R") x H9(Rn) —— R, such that ai(¢, @) = (¢, @) +
((—D)o2¢, (—A)?y) for all w, ¢ € HO(Rn).

We have that ai(:, ') is well defined and bilinear. Moreover ai(:, ) is

continuous and coercive for all ¢, ¢ € H5(R"), because

lax(p, V)| < 2lpllms [[¥]] ms

and

a1(, @) = [lel%s-

Therefore, the variational problem can be rewrite as
ar(y,¥) = (G1,v), Vv € H'(R"). (17)

From the Lax-Milgram Lemma the problem (17) admits unique
solution y = y, € H4(R").
In particular (17) is valid foreach ¢ € (R"), there exists only one y

€ HS5(Rn) such that
(y,¥) + ((—A)*%y, (=A)/%) = (=AY v, (—A)/2)) + (v,4), Vi € D(R™).
Using the density of D(R”) in A(R"), by definition it follows that v
e D(A)).

Remark 2.2: The Lemmas 2.2 and 2.3 they says D(Aj) = H2%-8

(Rn). When 0 <0 <6 we have d < 8 < 20 — 0 then H*»-5 (Rn) C H8(Rn) C
Hé(Rn). Whenj = 2 we consider A2 given by

As : D(Ay) — H°(R™)
As = (I+(—=A)°) (@A? = A+1).
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The assumption 0 < & < 2 implies that d < 2 < 4-0 then H*5(Rn) C
H2(Rn) C H8(Rn).
Then, similar to the case j = 0, we can see that D(A2) =

H4-5(Rn).

2.2Case0<06<0and0<0=<2

We rewrite the system (4) in matrix form, with U = (u, v) € X, Up

= (uol ul) S X/

dU (18)
— =B+ J1(U)
U( ) = Uy

where the operator B : H*-6 (R") x H*(R?) — X and J1 : X — X are

given by

=(Ya o) wt 50= (G Capyamcam )

Lemma 2.4: The operator B: is infinitesimal generator of contraction
semigroup of class Co in X.

Proof: We proof that B; satisfies the hypotheses of Lumer-Phillips
Theorem from semi-groups theory.

Let (u, v) € D(B1) = H*5 (Rn) x H?*(Rn).

To proof that Bi is dissipative we calculate the inner product

(Bi(u,v), (u, L)) s = Re ((v, —Asu), (u, l'))H s = (U, )2 + (—Aau, v) gs

/ 1+ 6P + ale[)odde / (1+ 162 Ayud de

_ ose 1 e
[ i +aigpade — [+ gt

- / (1+ € + a|§|4)(i' i — l> d¢ = / (14 [€” + alé|*)2iImg(da) d€ = 0,

':;"

avdé

because,

Ci. e Nat., Santa Maria, v. 42, e37, p. 1-44, 2020
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1o - L IEF +aldf
2U = 2
L+ ¢

According to the definition A.. Here Img(v , L_i‘) represents the
imaginary part of v 4 and i = V-1. Taking the real part of Bi(u, v), (u, v)
2 s WE get that By is dissipative.

Now we show that Im(I — B1) = H2(R®) x HS(Rn). It easy to prove that Im(I —B1) C
H2(R7) x Hé (Rn7). We need to see that H2(R®) x HS(R7) C Im(I — Bi). Let(f, g) €
H2(Rn) x H¥(R™), then we prove that there exist (u, v) € D(B1) such that (I — B1)(u, v) =
(f.)- Equivalently, by the definition of Bi, we need to prove that there exist (u, v) € D(B1)

such that (u — v, v + Aau) = (f, )

Thus, it is sufficient to show that there is (u, v) € D(B1) that satisfies

u—v=7f
v+ Awu=gq "

Substituting the first equality v = u — f in the second one, we have
Asu+u=g+ f.

By using the Lax-Milgran lemma we can prove that there exist u
H?(Rn) satisfying the identity above. In particular we can obtain Axu +
u = ¢+ f in D/(R") where u € H?(Rn), ¢ € H5 (R") and £ € H?(R"»). Then
applying the Fourier transform we can rewrite the identity above as

follows

A

(1+16%)Au = (1 + 1€1°)*(f + § — ).

Calculating the L?-norm on each side of the above identity we have
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| Azullrs < N1 fllzs + gllzs + llullfs < oo.

Therefore A2u € H5(R"). Using the definition of 4 and Lemma 2.2 we
conclude u € AH*-%(R"). Now, due to v = u — f € H?(Rn) it follows that v +

Acu = g is true. We conclude that B is maximal. But A*-6(Rn) x H?(Rn) is
dense in the energy space X. Then by by Lumer-Phillips theorem, we obtain
that B; is infinitesimal generator of a contraction semigroup of class Cop in
X.
Lemma 2.5: The operator |1 : X — X is a bounded linear operator.
Proof: The fact that J: is linear is obvious. The prove that |: is
bounded on X follows from the estimate

2

dé

i — [¢[*

V(@) s = || (1 + (=8)7) ™ (u = (~2)%) e

< 2/ |f1|2d§+2/ L
o JRn n ]. + ‘§|26

which holds because

|£|49 5
Bl < gep
e =

_ 26
o= e

w2+ 2ol s < 20Ul s,

2d¢ < 2|ul

when 0 < 6 < 0.

The fact that B: is infinitesimal generator of a contraction
semigroup of class Cp in X and ], is a bounded linear operator on X we
conclude by theorem 1.3 that B: + Ji1 is infinitesimal generator of a
semigroup of class Co. Let S; : [0, ) — L(X) be the semigroup of class
Co in X generated by B:1 + 1 then U (t) = Si(t)Uo is the solution of the
Cauchy Problem (18).

For initial data Uo = (uo, u1) € X then the first component u = u(t)

of U (t) = (u, us) is the unique weak solution of the system (4) in the

class.
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u € C([0,00), H*(R™)) N C*([0, 00), H’(R™)).

If the initial data Uo = (uo, u1) € D(B1) = H*-9(Rr)H*(Rn) then u = u(t)

is the unique strong solution of the system (4) and satisfies

u € C([0,00), H*°(R™)) N C*([0, 00), H2(R™)) N C2([0, 00), H’(R™)).

23Case0<0<08and0=<06=<2

We first observe the conditions on fractional powers, 0 < 0 < #and 0
< 6 < 2, implies 0 < J < 2 and because that A#2(R») c Hé(R"). So, for the
case in consideration. we can also consider again the energy space as X =
H*(Rn) X H6(Rn).

Similarly to the previous section, we can consider operators B> and

J. For v = u; we have
ve=uy = —(I + (-A)") " (aA? - A)u — (I + (-4)") 7 (-A)’v.

Now, considering the operators A, and As, we can rewrite the Cauchy

Problem (4) in matrix form as follows

at

{ g = ByU + J(U)
U(0) = Us

where U = U(t) = (u, v), Uo = (uo, u1), and the operators B:

H*-8(Rn) x H*(Rn) — X and J.: X — X are given by

0 I . 0
b= ( —As —Ag ) and ()= ( (I+ (7‘&)5)_1(“ +0) ) .

Similarly to the previous subsection, we may prove that B is
infinitesimal generator of a contraction semigroup of class Co in X and J>

is linear and bounded on X. Then, by Theorem 1.3 we conclude B>+ |z is
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infinitesimal generator of a semigroup of class Co. Let S2: [0, o) — L(X)

the semigroup generated by B> + J>. Then U(t) = S2(t)Uois the unique
solution of the Cauchy Problem (18) for the case on 6 and @ in this

subsection.

Then, for initial data Uo = (uo, u1) € X the first component u(t) of U(t)

= Sy(t)Up € C [0, ), X is the unique weak solution of the linear problem

(4) and satisfies
u € C([0,00), H*(R™)) N C*([0,00), H*(R™)).

If the initial data Uo = (uo, u1) € D(B2) = H*-5(R") H2(R") then u(t) is

the unique strong solution of (4) in the class

u € C([0,00), H*°(R™)) N C"([0, 00), H*(R™)) N C*([0, o0), H*(R™)).

3 DECAY RATES: LINEAR PROBLEM

The following theorems are proved in Charao-Horbach-Ikehata. These
results show almost optimal decay rates to the norm of energy and [?-
norm of the solution to the linear Cauchy problem (4).

Theorem 3.1: Let0 < 0 < 8. Then, the following decay rates are valid

for the energy norm of the solution u(t, x) of (4).

i) Let n > 1 and 0 < < 3. Then, for initial data ug € H(§:§)9“+2(Rn) N L'(R™) and

w1 € H'=a+5(R™) 1 LY(R™), it holds that

/ <|u,]2 + |(=A)%u|* + a|Aul? + |(—A)1/2u|2) dx
Rn

< 07 (Juollds + ol g, + lallfs + al? g, )
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i) Letn > 1 and 5 <6 < 2+‘5 . Then, for initial data uy € i (RN LY(R™) and
uy € HLL"'&(]R”) N LI(R”), then

(1 + 180w + ol Sul? + (=82 do

R'n

< Gt (JJuolds + ol oo, + lutlFs + ] sopua, )-
— L o LI L H = s

Theorem 3.2: Let 0 < 6 < 0. Then, the following decay rates are

valid for the L?-norm of solution u(t, x) of Problem (4).

i) Let 0 < 0 < 5 and n > 1. Then, for initial data ugp € L*(R™) N HT (R™) and
(6—8)n

u €W -“(R")mH =3 -2(R"), then

[ufds < Ot (Jlulfysa + Nl sy, + ol + ||uo|r2 e )-

Rn

In addition, if n > 3 then, for initial data uy € L'(R")
(6—0)(n—48)

LR NH 77 T%(R"), it holds that, for a fired 7> 0 ,

(R") and u; €

|U|2(IJ < Ct ) ’0 (”“[”ll + |IU(]|| ) + Ct “ (6—8)(n—48) P + C{_ﬁ”“()llz (6—8)n «
R I[—!T?U— H 2-2

(6 f])

ii) Let 3 < 0L 2+° and n > 1. Then, for initial data uo € L'(R")N H—2 (R") and
w € W “(R")OH“’ 7 +5-2(R"), it holds

lu|®dz < Cf_"-:'zf(||11|||;"-‘_,_1 + || ||? 5-0),
H

~+56-2

8 + luollgs + ol oo )-

(6—0)n

In addition, ifn > 3, ug € L'(R")NH =
then

8)(: 2)

(R") and u; € L}(R*)NH" +5-2(Rn),

_n—-2 « - . 108 ‘ -
[uffde <Ct=5 (Jluallfs + sl s, , ) + O (JluollFs + ol oo )-

JRn

Theorem 3.3: Let0 <3 < 0 anduo € H*(Rn) n L[Y(R") and ui1 € HP(R")

N LY(Rn). Then, the following decay rates are valid for the energy norm of the

solution u(t, x) of (4).
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1) LethlandOSOS%. Then

/" (|u,|'2 + |(=A)w|? + a|Aul? + |(—A)1/2u|2)dx

113

< O (Jluollys + lual}s) + €5 (luolle + s )-

it) Letn > 1 and%< 0 < 27“5 Then

[ (l + 1A wf + alAuf? +|(-8) ) da

< Ct—%(“'llo”il + ||U1||il) s 6—‘5_"’(”'“0”312 + ““1”21,16)'

Theorem 3.4: Let 0 < & < ©. Then the following decay rates are valid

for the L?-norm of the solution u(t, x) of Problem (4).

1) Let 0 < 0 < % and n > 1. Then, for initial data v € H*(R™) N L'(R") and
u, € Hé(Rn) N I‘.i,r—l,l(Ru)
| luPde < 0 (Jhalff - + ol ) + 675 (ol + )

In addition, if n > 3 then, for initial data up € H*(R")NL'(R") and u; € H*(R™)N
LY(R™) and a fived T > 0,

—48 — £
jude <CEEE (a2 + [[uoll3s) + 5 ([luolls + e ).
En

ii) Let £+ < 0 < E2 and n > 1. Then, for initial data uo € H*(R") N L'(R") and
u; € HS(R") N WLH(R™),

[ tudz < 0o (Junliy o+ laole) + € (ol + s ).

In addition, if n > 3 then, for initial data uo € H*(R™)NL*(R™) and u; € H*(R™)N
L'(R™), it holds

[ luPdz < € s + OB ol + e (Juolfs + )
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4 EXISTENCE AND UNIQUENESS: SEMILINEAR PROBLEM

In this section we consider the Cauchy problem associated to a
semilinear equation in R» of Boussineq/plate type with fractional damping

given by

u(0, x) = ug(x),
(0, ) = uy(x)

{ Uy + (—A)uy + aA2u — Au + (—A)°u, = .)'(—A)"'(u"). (19)
where u = u(t, x), (t, x) € (0, ©) x R, a >0, B/=0andp > 1

integer. The fractional powers of the Laplacian operator are considered as

244

follows0 <0<2,0<60=< % and: < y=<.

Incase 0 = 2, y =1, p= 2 and & = 1 we have a sixth order
Boussinesqg equation under the effects of a hydrodynamic dissipation (see
WAANG, S. e XUE, H., 2008; DARIPA, P. e HUA, W., 2012). If 6= 0, d = 1,
y =12, =0 and n = 2 we have a semilinear plate equation under the
effects of a frictional dissipation (see CHARAO, R. C., DA LUZ, C. R. e
IKEHATA, R, 2013; DA LUZ, C. R. e CHARAO, R. C, 2009; and SUGITANI, Y. e
KAWASHIMA, S, 2013).

Similar to the linear case, to study the existence of solutions we need

to consider two cases.
i)0<f<dand 0<H <2 ii)OSéﬁ()andOﬁHﬁ%.

We reduce the order of the Cauchy Problem (19) and rewrite it in the

following matrix form

% = BU + F(U)
al
U(0) = Uy

where U = (u, u¢), Uo = (uo, u1) and the operator B is define in the
Section 3 according to the both cases above mentioned. So, in both

cases B is the infinitesimal generator of a contraction semigroup of Co-
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class in X. The operator F is the operator that contains the non-linear

term.

4.1 Local Existence

To prove the local existence, since B generate a semigroup, we need
only to show that the operator F is well defined as an operator F : D(B) —
D(B) and it is Lipschitz continuous on bounded sets of D(B) . After prove
this property of F we can take Uo € D(B) and using Theorem 1.4 one can

conclude that there exist a unique solution U = U(t) in a maximal interval

[0, T:) such that one and only one of the following conditions is true.

(i) Tn=00 (i) T < o0 and lim [[U]x + || BU]|x = oo.
In addition, we have U € C! [0, T»), X N C [0, Tx), D(B).

4.1.1Case0<B6<0d0and0<0d6=<2

To show the local existence for this case, we should consider the

2

fractional power y in the interval 0 < y < = . As in the linear case we

consider the usual energy space X and we rewrite the system (19) in the

matrix form

U
— = BU +R(U)
U(0) = Up

where U = (u, v) € X, Uo = (uo, u1) € X and the operators B :

H-8(RM)x H#(R") — X and F: : D(B1) — D(B1) are given by

0
B = ( " A é ) and  Fy(U) = ( (1+(=2)°) 7" (u= (=A)"v + B(-A)w) )

Lemma 4.1: The operator F1 : D(B1) — D(B1) is well define for 0 < y

< % andn < 8 — 26.
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Proof: We consider U = (u, v) € D(B1) and we show that Fi(u, v) €

D(B1). By definition of F1 and norm in /# we have

| P2, 0) s = | (2 + (=A)°) 7 (u = (=8)°0 + B(=2)) [ 2

9 4
:/ (1 - |f| +a|§| ) - |§|26'f'+,3 gl%&})leg

(A5 1P
(1 + €1 + al€]*) (
re (14 [€]%)?
<C [ [(1+]gre=)

. Rll

< Cllul

o7 + €1 ) de

2+ |£|40

U

<C

A~

P 2 4 (1 5 |§|2(2+2~,—25))|1ﬁ,|z] d¢

2 s (1 =i |§|2(2+20—25)) O

:}.12—25 ol CHU||§.12+20—25 + C||Up||i[2+2a.—257

due to the assumptions 2 — 20 <4 - 90,2+ 2080 —-20<2and 2 + 2y

— 2054 - 0.
Thus, from the definition of norm in FAs(R®) and the natural

embedding of A5(Rn) in H(R®) for s > r, we get the following estimate
I, )2 acsge < CllullZgazs + Cllvle + Cll?|3acs.
Now using Lemma 1.3 with s = 4 — J, we obtain forn <8 — 29

|32 + CHUH?}&_J < +o00.

HFl(U, U) |?—I4*5XH2 < C”“H?{*‘*O_ + CI v

244

Lemma 4.2: Letl <n <8 -20,0=<0<93,0=<0=<20=<y<=<7= andyp

> 1 integer. let U = (u, v) and W = (w, z) such that U, W € D(B1) = H'?
(Rn) x H2(Rn). Then

|F(U) = EW)llx < C(L+ [BiO)II5 " + [BUW)IE ) [ Bu(U = W)l

Proof: For U = (u, v) and W = (w, z) in H*-%(R") x H*(Rr) we have
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|F(U) = B (W)
<+ (=27 ((w = w) = (=8)(v = 2)) [ + 1B + (=A)) " (=A) (@ = w34

= ;“_3_ 200~ 5y|2 1 P~ NT"
= J Tl - = e [ |l @ -

< c/ i — |2 + (1 + |€2@9)|6 — 2[2de + C/ (1+ [¢[2®7=) [ap — wP|" de
R" R"

< Cllu = wllza-s + Cllv = 2l + Cllu” — w”|[3as,

because 26 - d <2and 2y —0<4 - 0.

Now, using Lemma 1.5 with s=4 — J, forn <8 — 20 we have

2
IFy(U) = Fu(W) Ik < Cllu = wlyecs + Cllo = 213 + C (lulliets + lwligts) T — wles

The estimate (see lemma 2.2) ||u||ms < C||Au]||m for all u € D(A2)

and the defini- tion of operator B; imply that

2
HFl(U) i Fl(W)”X
< CllAa(u = )| + Cllo = 2l + C (Il Azullly' + [ Azw]5") | Az(u - w) s
<CIBWU - W)l +C(IBUIE +IBWIE) I1ByU - W)k
2
<C(1+IBUIE +IBWIE) I1BUU - W)
Lemma 4.3: Let1 <n<8-25,0<06<5,0<35<2,0<y< = andp>

1 integer. Let U = (u, v) and W = (w, z) such that U, W € D(B1) = H*-5(R") X

H2(Rn). Then there exist a constant C > 0 such that

|B1(Fu(U) = FL(W))]|x < 0(1 + 1B (U)II% " + ||Bl(uf)||5;1) I1By(U — W) x.

Proof: For U = (u, v) and W = (w, z) in H*8(R") x H*(Rn) we have
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1B (R (U) — (W) |[%

< (I + (=A)) M (u—w) — (—A)* (v — Z)H!iﬁ +[|BUI + (—A))H(=A) (P — wP ||ip
L+ ¢ + o) w5 3 (L4 12 +alel*) ooy o2
= fR“ (1+ ’6’25)2 |( ‘§| 2’)‘ d§+/Rn (1+|£|25 ’ﬁ’ﬂ (U w )| dg

S C/ (1 + |€|2(2*25))’ﬂ _ lﬁ"Q + (1 + |£|2(2+29726))|,& _ 2’2 df -l-C] 1 4 ’5’2(2+27725 "Lﬁ’ _ lﬁ|2d£
Rn ]Rn

= Cllu— wl3a-as + Cllo = 2l3asan-2s + Cll? = w? [gasa s,

since we have assumed 2 —20<4 - 0,2 +28—-20<2and 2 + 2y
—20<4 - 0.

The above estimate combined with lemma 1.5 imply for n < 8 — 20

the estimate of lemma.
1B (FuU) = Fx(M)) [ < Cllu = wlacs + Cllo = 2ll3 + Cll? = wP|acs
< Cllu— wllucs + Cllo — 2l + O (lullgas + leolts) e — wiies

2
< Ol Aa(u — w)ls + Cllo = 2l + C (I Azulll + | Azwllf' ) [l Aa(u — w)ls

< CIB(U - W)l + C(IBUIE + 1B IE) I1B:(U - W)k

) 1B - Wl

<C(1+BUIE + | BW
Finally, combining the Lemmas 4.2 and 4.3 we conclude that

|F(U) — Fu(W)||  + || BL(Fy(U) — Fy(W))

lx < C(L+ 1B +IBW)IE ) IBA(U - W)llx.

Therefore, given a constant M > 0 and considering U, W € H*-6 (R"®)

H?(Rn) such that
IB(U)x <M and [[Bi(W)]x <M

we have, for Ly = 1 + 2Mpr-1, the following estimate

I1F(U) = Fi(W)llx + [ By (Fu(U) — Fy(W))llx < CLu||B1(U — W)l
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Thus, we conclude that F: is Lipschitz continuous on bounded sets of
D(Bi1). Then, the fact that B: is infinitesimal generator of a contraction
semigroup of Cop-class in X, using the Theorem 1.4 we have the following

theorem of local existence and uniqueness.
Theorem 4.1: Let0 <08 <0,0=<0=<2,0=<y = #,p > 1 /nteger and
0 <n < 8 —2d. Then, for initial data (uo, u1) € H*-8(Rr) x H?(Rn) there

exist unigque solution to the semilinear Cauchy Problem (19) defined in a

maximal interval [0, Tm) in the class
u € C%([0,T,), H(R™)) N C*([0, T), H*(R™)) N C([0, T:n), H*°(R™))

satisfying one and only one of the following conditions

(i) T, = (ii) T,, < oo and 1‘lir]{l |U||x + || BiU]|x = oo.

m

2448

4,1.2Case0<d0<8and0=<6<=< 7

We write the system (19) in the standard matrix form as in previous

section
dU
— = BsU + F5(U)
U(0) = U,

where the operators B2 : H*-5(R") x H*(R") — X and Fz> : D(B2) —
D(B2) are given by

B, = . . and F(U) = ) 5\ —1
A= il —al . 29I= N (1+ (-a))” (u+t'+d(—A)”’u”) '

Similar to the previous section we prove, also in this case, that F; is
well defined and is Lipschitz continuous on bounded sets of D(B2). In
section 2 we proved that B; is infinitesimal generator ofa contraction
semigroup of Co-class in X. Then, using the Theorem 1.4 we obtain the

local of existence and uniqueness as follows.

Ci. e Nat., Santa Maria, v. 42, e37, p. 1-44, 2020




Charao, R.C.; Horbac, J.L. 29

Theorem 4.2: Let0 <3 <6,0<06 < 5,0 <y <%, p>1 integer

and 0 < n < 8 — 20. Then, for initial data (uo, ui1) € H*-8(Rn) x H*(Rr) there

exist a unique solution to the semilinear Cauchy Problem (19) in a maximal

interval [0, Tm) in the class
u € C?([0,Tn), H (R™)) N C*([0, Trn), HA(R™)) N C([0, Tn), H*°(R™))

such that one and only one of following conditions is true

i) Tpn = +00 it) T,, < 0o and tlix%l U |lx + | B2U||x = +oo.

4.2 Global Existence

In this section we show that the maximal interval of existence in the
two previous cases is [0, o). To do that, we assume 7,, < oo and we claim

that ||U ||x + |IBU ||x < +o. In such case we get 7, = o and the global

existence follows.
Taking the Fourier Transform in spatial variable x on the Cauchy

problem (19) we get the equivalent Cauchy problem in Fourier space

w(0,8) = uo(§),

{ (1 + [€[*)itee + (al€]* + [€]*) + [€[* e = BIE[* ur, (20)
(0, €) = 1 (§).

Using the Duhamel principle the solution of the Cauchy Problem 20 can

be write as
5 2 s A ove a A 1 (21)
u(t,§) = Ht, &t + G, )+ 0 | G(t— T.é)rm%.up(r €)dr.
0
Then, the derivative in time is given by
[&1™ (22)

e(t, &) = Hy(t, &)t + Gi(t, )ity + B / Gi(t —T,€) wP (1, €)dr,

0 1+ [¢]%

where the fundamental solutions to the linear problem are
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~

FHG(E, ) (@),

G(t,z) =

At _ At
and

~ [&
G(t,§) = ———-
( g) /\+ —
At Att ]
Aye A-e and H(t,z) = f_l(H(t- ))(x)

H(1.6) = A — A

and the associated characteristics roots are

_ ZIEP £ Vg — 41€P0 + [P+ al€?)

A —
* 2(1 + [€]29)
In the HORBACH, J. L., IKEHATA, R. e CHARAO, R. C., 2016 is calculated

in Lemma 3.6 the following estimate to solutions of the linear problem.
(23)

(14 €% ael® + €7 (1 + ale)af* < 56’%””““((1 + (€7 + € (1 + n|§|2)|ﬁ0|2)

£|20
where pg(&) = < 51L|£|257 €l <1 e —<f§v’§T
* 244
< =1 e 0<o< 1"

\

We use the estimate (23) to prove the nextlemma.
Lemma 4.4: LetG(t, &) and H(t, ) fundamental solutions of linear

associated to Problem (20). Then we have the following

problem
estimates:
' ' A 1 1+ [€]*)
1) |G|? < He—5re(O)t (
)16 < €0+ aleP)

7’) |C}t|2 < 58*%P0(£)t;
2 2
e |£’ (1 . Q‘g‘ ): i'v) |1LA[|'Z < 56_%190(6)1?.

2“’) |I{t|2 < 5es (1 + |£|25)

Proof: To show items (i) and (ii) we consider the solution of the

homogeneous problem (20) with 7o = 0. Then, we have (¢t &) = é(t,

left hand side of the

HT1and it & = G(t, an.
Substituting these expressions on the
estimate (23) the result for (i) and (ii) follows. The proof of item (iii) and

(iv) is similar.
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Now, to prove the claim that ||U]||x+ ||BU||x <+ c© we need

consider again the two cases on 0 and 6.

42.1Case0<08<dand0=<0d0=2
We need in this case to show that the norm |[|U(?) ||x + ||B1U(¢t)

||xis bounded for all t € [0, T) by assuming that T, < +oo.
By definition of B (u, u:) = (uy, —Au), where A, = (I + (—A)9)

“(ah2—A +1), we have

IUN% + IBuU% = Ilullzr + lluellzs + luellze + [ Azullzs

= [ Qi+ aletylal d+ [ (1410 Bl de

o
R n

-+/(1+KP+amﬂwfdé+/(l+KWHmF%

Rn
:/(LHW+MW)
e (L4 [EP)

<2+m%+mﬁ+amﬂm%%+/%2+m%+mﬁ+ﬂammﬁﬁ.

Rn
We note that

(1 + & + algl®)
(1 +1€]*)

(24 €% + [€]* + afé]!) < C(1+ [¢24-)

and
(2 + 8%+ &%+ déd*)<C1 + |§*

for all £ € Rn, Then, we obtain

2 .

U1+ 1801 <0 [ (1P apae+0 [ (141l

RR
Substituting « and &, given by (21) and (22) respectively, in the

above inequality we have

101 +1BUIE < € [ ((1+1EP4D)APR + (1 + |¢1*) | Aif?) [aol
Rll

+0 [ ((W+IEPTD)GP + 1+ G finl de
Rn

t t
+C / / (1+ [€P429) || |G P |up|? dedr + C/ / (1 + (€[22 €| G ||| dedr.
JO n 0 n

Ci. e Nat., Santa Maria, v. 42, e37, p. 1-44, 2020




Existence and decay rates for 32

Now, using the estimates in Lemma 4.4 and the fact that ¢ 3¢

< 1 we obtain

) n 24)
12 112 9 5) &l° 1+ &l° (
01+ 1301 < € [ (1 16200 + g B
JRn {1+t |sl' )

sy (1 + €)% . %8
0 [ (0 1600) e (1)

\ €+ af€?)
t -
9 oy ” 1_4_ [ b -~ . o
+('/ / ((]+|£;-llr.m)|£|l, (“ €| C)’l,)i”"|~+(1+|£|’l' _.|)|£'l |H"[')r/£(/7‘.
Jo Jrn g €2

€+ ol

)|[‘1“[2 (]£

We observe that in the second integral at the right hand side of (24) i1

appears a singularity given by |&~2. So, this term is a little delicate to deal

with in the zone of low frequency, that is, & near zero. To do that we

assume additional regularity on the initial data ui:. In the third integral we
have the same singularity but it is controlled by the term [&% from the

nonlinearity because y = 1/2.

Note that, for |£ = 1 we have

sasy  (L+]E%)
1+ [epu-) L ~ < C(1+[¢*
() e+ gy < €0+ D)
and for 0 < |£ < 1 we have

. 1 20 .
(1 + ey I < yjgpe

€[2(1 + alg]?)

Using these estimates, we estimate the integral where appears the

initial data 7; em (24) working at the zones of low and high frequency.
The integral on high frequency is estimate by ll“li: and the integral on

the low frequency is estimate by the norm of wi in W ~}(Rn). The
other integrals at the right hand side of (24) can be estimate in

standard way. Therefore, we conclude that
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IUI% + I1BUIIX < Clluollzga-s + Clluall= + C €17t |*d€

1€1<1

t
+C// (1 + |£2B=20+27)) |up|? dédr
0 Jrn

t
< Clluollpa-s + Cllurllles + Cllual3y ., +C / T~
0

t

< Olluol3ucs + CllurliZ + Cllualya +C [ [ pacsdr
0

Using the Lemma 1.3 with 0 <n <8 — 20 we have for p > 1 integer

2 p 2 2 2 t . 25
UG5 + 1BLU@) % < ClluollFra-s + Cllunllzzz + Clluallfi-ra + C’/O [l s (25)

< ClluollFya-s + Cllwallfz + lluallfy-ra + T sup [lu(7)|7ss
0<7<t

< C||BiUo||% + Clluall}—1x + CTm sup ||B1U(7)|1E.
0<7<t

for all t € [0, Tn) with the maximum time of existence T, is assumed to

be finite.

Now, we define the function

Mi(t) = sup (||U(T)||j-§ 4 ||BlU(T)||§) for 0 < t < Tin.

0<r<t
From the previous inequality we get that Mi(t) satisfies

Mi(t) < C(||BIU(,H}?\- + ||zt1\|fi.,1_l) + OTWMi(t)P, Yt €[0,T,) with T < +00.  (26)

In order to show that the solution obtained to the Cauchy Problem
(19) is global, that is T,» = +c, we need the next elementary lemma of

calculus.

Lemma 4.5: Letp > 1 and F (M) = alo + bTMr — M a continuous
positive function on M = 0, with a, b, I, T positive constants. Then, there
exist a unique Mp > 0 absolute minimum point of F (M) in [0, o). In

addition, there exist € > 0 such that F(Mo) < 0if 0 < Ip <E.
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We note that the function Mi(t) is not negative and satisfy F
(Mi(t)) = 0 for all t € [0, Tm) due to inequality (26) with F(M) the

function given in Lemma 4.5 with

a=b=C,T="T, and Iy = ||B1U|

iz\’ + ||'Z.£.1 H;zi'—l.l -

Therefore, if 0 < Ip < g &€ > 0 given by Lemma 4.5, due to the

continuity of the function Mi(t), there are only two possibilities:
()M, (t) < My, for allt € [0,T,,) or (ii) M,y (t) > My, for allt € [0,T,,).
However, we note that

M;(0) = [|Uol% + | BUo||%-

Then, assuming another condition on the initial data that M(0) <
Mo (Mo the global minimum point in Lemma 4.5) it follows that Mi(¢) <
Mo for all £t € [0, 7). Them the condition that holds is (i). Therefore, if Tnis

finite, we have proved that

IUI% + [1B1U %

is bounded for all £ € [0, T7T»). This contradicts the condition of

Theorem 4.1. Then, we must have 7,, = co and the solution is global for

the case in consideration. The result is
Theorem 4.3: Let0 <08 <3,0<8<2,1<y< %, p>1integerand1l
< n < 8 — 20. Consider the initial data uo € H*-5(Rn) and w1 € H*(Rn) N W

“LI(Rn) satisfying 0 < Io < € and Mi(0) < Mo with €, Io, Mo, M1(0) given
above and in Lemma 4.5.

Then, there exist a unique global solution u = u(t, x) to the Cauchy
Problem (19) such that

u € C%([0,00), H(R™)) N C*([0, 00), HX(R™)) N C ([0, 00), H*(R™)).
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422Case0<d<Band0<B< 7T

To this case, we need to find a upper bound for the norm ||U||x +||B2U
||x for all £ € [0, T\), with U = (u, u:) where u is the solution of (19) given
by Theorem 4.2. Analogously to the previous section we may obtain such
estimate. This fact proves that the solution is global and the following
result holds.

Theorem 4.4: et 0< 0 < 6,0<6< 7,5 <y < %,p >1 integer
and 1 < n <8 — 20. Consider the initial data uo € H*-9(R”) and ui € H*(R") N
W ~L1(R") satisfying0 < Io < € and M2(0) < Mo with &, Io, Mo, M2(0) given
in a similar way as in previous case. Then, for this case on 0 and 6,
there exist unigue global solution u = u(t, x) to the Cauchy Problem (19)
such that

u € C*([0, 00), H*(R™)) N C*([0, 00), H*(R™)) N C([0, 00), H**(R™)).

5 DECAY RATES: SEMILINEAR PROBLEMA

From Theorems 4.3 and 4.4 the semilinear Problem (19) has a unique

global solution in the class
u € C2([0,00), H*(R™)) N C*([0,00), H*(R™)) N C([0, 00), H*~°(R™))

forall0 <d0<2,0<6<%,:<sy<,p>1lintegerandl <n <

8 — 20. Consider the initial data uo € H#*9(R") and ui € H2(R") N W ~L1(R")
small enough.

In this section we show decay rates to the energy and £%2(R") norm of
the solution to the semilinear problem (19) by using estimates similar to

the estimates in previous sections.
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We note that is sufficient to get estimates for the norm || (u, us) ||

m-s w2 t0 obtain decay rates to the energy norm and [%(R7)-norm. In
fact, it holds that

[ T+ €Ol +1€R(1+ ol lal + faf] de 27

s/ [(2+ €17 + €)@l + 1+ a) (@ + [EP*)|a?]dé < C||(u, ur) || 3azs x gg2-
[€]1<1

Let us now find an estimate for || (u, ut) || msxme. INn section 4.2 we

have expressions for the solution # and its derivative &: (see (21) and

(22)). Then, using such expressions and the definition of norm H*-6 x H?

we obtain

1ot} [l < € . ((1 + €D AP + (1 + €2 + a|§|4)|ﬁt|2> diol?

¢

+0 [ (0 1EP4D)IGE + (1 + 16 +alet)IG?) i de

[ o
+ C/O /n 1 + |£|2 -1 ())) (1 + |£|26)2|G( )l |uP| (15(17-

4A
+C/ / gl €17+ alel )(1l5||§|25) |Gi(t — 7)[*|up|? dedr.

Now, by considering the estimates in Lemma 4.4 we arrive at the
estimate

> 1 (£ 24- » SJ(] 1 1 f-)) = ) 28
‘(ll.lly);};lx 5w H2 < (/( R lads . <(l C 1, [5- ! m) *ll o o E —‘“lljf ;] ajlg ) “”‘-llg ( )

(1 + [€]*9)

+C e 3L (1 + |4 ‘)u = (1 + €12 + al€l?) ) lag|? de
= S E ",(l : ”{;_.) S S 1 S
t . cl4 2
-(-/ / e tm©O-n)(y 4 |gpa-9) 1L | dedr
(et AT eI+ 1) o
t . €Y ~
+C e3P0 (] 1 11?4+ alé|t) —————|uP|? dédr.
/:./. ( S IS )(] T 5:.,"),-, ag

We note here that the terms that appear in the above inequality can be

estimated for, 0 < d<2,0< 68 < % and s < y <, for all €€ R, as follows
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2 2
i) (14 [626-9) 4 (1 + €2 + ety AT A oy 4 jepu-o)y,

Q+[g>) ~
g 2(4—8) €] ’ 2(2+27—20) (A, l)
|§|47 oo
iii) (1 it {6 + (1|§|4)W <0+ |§|-(-+-, 2 )).

As in (24) we can observe that in the estimate (ii) above appears
the singularity |&~2for & near zero which is controlled by the term |&%
since we have assumed y = 1/2 On the second integral at the right hand

side of the last estimate, as in (24), we do not have the term [&*% because

that we assume the additional hypotheses u; € W ~Y1(Rn) . The problem

with such singularity is at the zones of low frequency. The integral on high

frequency can be estimate in standard way.

In fact, to estimate the coefficient of |i71>, we see that for |& =1

28
(1 + |£| 0) < C(l 4 ‘£|2—+—Q|§|4)

1 2(4—5)
L) P+ atep)

because |&2%(1 + alé?) = (1 + al&?).

(1+ |¢*)
1€12(1 + al]?)

For 0 < [£| <1 we have (1 + |£|2H*5)) < 4l¢|72.

tghuis, using the above estimates, we may conclude that || (u, u¢)

|| msxp2is bounded by the four integrals as shown below

(s we) [ Fpa-s e < C/ e~$POL(1 4 |¢]24-D) o |? dE + C/ e3P O (1 + ¢* + al¢]*)|in|? dg
JRn Rn

t
+C / e $EN |2l |dg + O / / e MO (1 4 |¢[2172) |02 dedr.
l€1<1 0 JRn

At this point, we define the following integrals, dependent on ¢, which

appear in the above estimate
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Lit)=C [ e 57O (1 4 |g]249) |2 dt;
A Rn

Laft) = C | e 4041+ e + al)
Rn

2 d¢;

lAll

2d¢;

lAll

Ls(t)=C / e-%po(ﬁ)t|€l—2
J[¢[£1

t
M((t)=C / e_%p”(g)(t_ﬂ(l o |§|2(2+2A"_2‘)))|uAP|2d§dT.
() ‘71

The function pe define in section 3 depends on 8, then we separated

the problem into four cases:

i) Case 0 < §<fand 0 <0<

[

ii) Case 0 < < # and

iii) Case 0 <0< d<2and 0<0 <

(O] [ =

% iv) Case 0 <0 < <2and

In the next subsections we show decay estimates to the energy and
for the L2-norm of the solution in cases (i) and (ii). These estimates refer to
the case 0 < 0 < @ where we do not need to impose more regularity on the
initial data compared to the decay rates was already obtained to the liner
problem. The cases (iii) and (iv) can be estimated in the same way but

assuming regularity on the initial data.

5.1Case0<3<6and0<O<:
In this subsection we find decay rates to the [?-norm and to the

energy for the semilinear problem.

el (1 +alg]), (<1 e 0<0<3

g » case < <l o have — 20
For the case 0 < 6 < 5 we have py(§) . €] _ €>1 ¢ 0<o<L.
1+ ¢ 2

Since ps = pe (&) also depends on &, we estimate ¢*'in the low and

high frequency in the following way
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|2_20t.

i) For |¢] <1 we have pg(€) > €|€|>2°. Then e~3#0t < ¢~5l¢

ii) For [£] > 1 we have py(§) > 5 because we are considering § > 6. Thus, we also have
1 iy 3
e~ 5Pt < e~ 16t in this case.

Lemma 5.1: Letp > 1 integer and1l <n <8 — 20. Let 6, 0 and y such
that0 <0< 60 < 6 <33 < y < 5. Then, for all initial data uo €

H-6(Rn) N [Y(Rn) and u1 € H2(Rn) N LY(RR) n W ~LY(Rr) we have

[ (w, we) | 3gams g2 < C(||(’U0-,7-t1)||2leL1 + [luallfy-nn + ]|(U0-U1)||§14—6><Hz)(1 +1) T

t
o / 1 e, a1+ — 7P, ¥t >0,
0

Proof: We start estimating L: defined above. First we separated the

integral into two integrals, at the low frequency (| < 1) and another at the

high frequency (|| = 1). Then we get

~

Li=C [ e $m@1 4 |¢24-9)|4

Rn
A

<C e~ (1 4- €249 o) 2dE + C e~ 10! (1 + |¢]249) | g |2dE.
1€1<1 Jg|>1

2 d¢

We use the Lemma 1.8 to estimate the integral at the low frequency and
the definition of norm in Hs(Rn) to estimate the integral at the high frequency.

Thus we obtain

Ll S C”U(]H%l/

|€l<1

e It g 4 Ce Tt / (1 + 1€17“=) Jaio|*de
[€]>1

n

S C“U()||2L1(1 + t)_2_20 + C(‘l_%t“/IL()H?_Hﬂs S C(HU()“%l + ||'1L()||?{475)(1 + t)_ﬁ Vit > 0!

In the same way we can easily estimate L, to get

Ly < c(uuluil + |yul|§{2)(1 LH)EE, V>0,
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The estimate for L3 follows from the definition of the Sobolev space W
~L1(Rn) and from Lemma 1.8. Then we have for t > 0
To get an estimate to N: we again estimate the associated integral

into low frequency and high frequency as follows

/ / e~ 5Po(t=T) (1 + [€7E+27=29)) |up|? dedr

SC// e~ T (1 4 |g|22+27-20)) | |2 ddr
0 JI§I<1

t
+C / / e~ T (1 4 [€[22+27-29)) | 5o 2dgdr.
0 Jig[>1

On the low frequency zone we use the Lemmas 1.8 and 1.1 and on high

frequency we use the Lemma 1.3 with n < 8 — 20d. Then, since 2 + 2y — 20 <

4 — & and the condition that y < % we arrive at the estimate

t
Nl S C/ “up(T)”QLl/ 6_%|£|2720(1+t—T)d5d7_
0 lgI<1
t
+C e —1o(t- T)/ (1 3 ’§|2(2+2~,-2($))|&\p(7_)‘2d§d7_
8 le|>1

t t
<C / [P (D3 (1 + ¢ — ) FFdr + C / & B P (7) s
0 Jo

Now, using the Lemmas 1.3 and 1.4 withn <8 —-26 and p > 1

integer, we have estimates to [!-norm and AH*-é-norm of ur. Thus the

estimate for M is obtained as

N <0 [ s+ t= 7y R+ [ e B, ar

<C/ ul|#_s(1+t —7)">==dr, Vt>0.

Therefore, combining the above estimates, we conclude for p > 1

integer and n < 8-20
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Ity ) Bya-s e < € (NuollEs + lfuollfas ) (1 + )77
t
+ C(”Ul”il + [ ||F2 + |“1||$¢:-1.1)(1 +1)"FT 4+ Cf \|U||§f.1_a(1 tt— 1) Emdr
0
< C (1) un) [31cis + Nalpmrs + 1l 1) s ) (1 + )=

t
e / (s ) [ s (14— 7) 2, ¥ >0
0

and the lemma is proved.

Finally we multiply the inequality in previous lemma by (1+t)=m in order

to get the following inequality which holds for t > O.

(14670 ) e < C (10 ) g+ N By ovs + 11t 10) s
t

+C ”(uvut)”?f»x—atz(l‘Ft)
0

n

=2 (14t —7) T2dr.

Now, for t = O we define the function

' _n_ 29
My(t) = sup (1+7)75 || (u(r), ue(r)) | Zcsogpe- (29)

0<7<t

From the above inequality we have

M(t) < C(||(u0,u1)||ilxu + w1 + ||(’U0-,‘U1)||iz4—6xy‘-’)

t
FOMP [ (147 B+ )R+t - 1) B,
0

forall t > 0. By Lemma 1.9 we have

t , n n
/ (1+7) B (1 +)TF(1 +t — 1) TFdr < C(n, p, )
0

when 7 ~ 1, that is, 2—-28 < n with C(n, p, 8) a positive constant.
Therefore, we have arrived at the following main inequality with
holds for t+ > 0.
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M(t) < C(||(“0~ un)[Zoxzr + lluallfva + [l (uo, “1)||?{476><H2) + CMi(1). (30)

Finally, to find the desired decay rates to the Cauchy Problem (19) we

need an elementary lemma of calculus, analogous to Lemma 4.5.

Lemma 5.2: Letp > 1 and F (M) = alo+ bMP? — M, a continuous and
positive function for M = 0, and a, b, Io positive constants. Then, there
exist only one Mo > 0 absolute minimum point of F(M) in [0, o). In

addition, there exist € > 0 such that if0 < Ip < € then F(Mo) < 0.

Combining (30), the above lemma and work as in subsection 4.2 we

can prove the following theorem.

Theorem 5.1: Let0 < 0 < 6,0 <80 <35 <y < +,p>1 integer and
2 — 260 < n <8 — 20. Consider the initial data uo € H*-5(R») n L[1(R") and
ur € H2(Rn) n LY(R") n W -LLY(Rn) satisfying 0 < Ioe and Mi(0) < Moy with & I,
Mo, Mi1(0) given by Lemma 5.2. Then the following estimate for the energy

norm plus the [? standard of the solution is true

n

/ (|ut]2 + |(—=A) 2,2 + o) Aul? + |(—A)Y2u|? + |u|2>(1‘17 <Cl(l+t)"z==, Vit>0.
A Rn

We note here that the rate found above is the same rate found for

the energy norm of Linear Problem 4 as we see in Theorem 3.3 item (i).

52Case0<d<@and: <@ <7
As in the previous section we prove decay rates to the energy and /2-

norm for this case. The result is the following.

Theorem 5.2: Let0 <3 <6,3 <0 <%, 3 <y<™,p> 1 integer and 28
< n <8 — 20. Consider the initial data uo € H*-5(R") n LY(R") and ui € H*(Rn)
n LY(R") nW-LI(Rn) satisfying 0 < Ioe and M2(0) < Mo with & Io, Mo, M2(0)

define above. Then the following estimate for the energy norm plus the [?

standard of the solution is true
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/ <|'11,|2 + |(=A)2 2| + a|Aul? + |Vu|? + |u[2>(1.'1,' <Cly(1+t)"2, Vt>O0.

Remark 5.1: We observe that we can remove the hypotheses y = 1/2 in
Theorems 4.3, 5.1, 5.2 and assume the condition y = max {0, Y2 — n/4} by
performing a simple estimate. In fact such condition was imposed when was
estimated the integral corresponding to the semilinear term in (24) and in (28)
on the zone of low frequency. Indeed, we can estimate the integral with a

singularity in § = 0 that appears in (24).

/ / (1 + sy g L) / / )P
3 )|£| |u ’ )[?d€dr < ~2|uP(T)|*dédT
|§1<1 |£| ( | | ) 5\<1

< / |uP (T )|L1/ €| 2d£d7‘<C’/ |uP (1 L1(17‘</ lu(T ;1”1 sdT,
J0 J¢<1

due to Lemma 1.4 for 4 — & > n/2 and the assumption y > 1/2 — n/4

with y > 0.
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