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ABSTRACT

The inverted pendulum is one of the most challenging systems in control theory, serving as a key model
for real-world applications that require dynamic balance, such as biped robots, autonomous vehicles,
and aerospace systems. Its highly nonlinear, unstable, and underactuated nature poses significant
challenges, demanding advanced control strategies. This study adopts the inverted pendulum system
on a self-balancing cart as the object of analysis, conducting a dynamic study based on Lagrangian
mechanics to derive the equations of motion, which are later reformulated into state-space form. For
the stabilization phase, the Linear Quadratic Regulator (LQR) is employed, offering advantages such as
full-state feedback, minimal control effort, fast settling time, and smooth system response,
characteristics obtained through the minimization of a cost function assigned to each state and control
variable. This work proposes an effective methodology for modeling, linearization, and control of
nonlinear dynamic systems, applied to an inverted pendulum mounted on a self-balancing cart, aimed
at applications in autonomous systems, robotics, electrical engineering, mechanical engineering, and
aerospace engineering.
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RESUMO

O péndulo invertido representa um dos sistemas mais desafiadores da teoria de controle, servindo
como um modelo-chave para aplicacdes reais que exigem equilibrio dinamico, como robds bipedes,
veiculos autdnomos e sistemas aeroespaciais. Sua natureza altamente ndo linear, instavel e subatuada
impde desafios significativos, exigindo estratégias de controle avancadas. Este trabalho adota o sistema
de péndulo invertido sobre um carrinho de autoequilibrio como objeto de estudo, realizando uma
analise dinamica baseada na mecéanica lagrangiana para a obtencdo das equac¢des de movimento,
posteriormente reescritas na forma de espaco de estados. Para a fase de estabilizacdo, empregou-se o
Regulador Linear Quadratico (LQR), que oferece vantagens como realimentacdo de estado completo,
esforco de controle minimo, tempo de assentamento rapido e resposta suave do sistema, obtidas
através da minimizacao de uma func¢do de custo atribuida a cada variavel de estado e de controle. Por
meio deste estudo, prop8e-se uma metodologia eficaz para modelagem, linearizacdo e controle de
sistemas dinamicos ndo lineares, aplicado a um péndulo invertido montado em um carro de
autoequilibrio, visando aplicacdes em sistemas auténomos, robotica, engenharia elétrica, engenharia
mecanica e engenharia aeroespacial.

Palavras-chave: Péndulo invertido; Carrinho de autoequilibrio; Controlador LQR; Sistemas de controle
nao lineares; Estabilizacdo dinamica

1 INTRODUCTION

The inverted pendulum is one of the most challenging and widely studied
classical systems in control theory. According to (Stimac, 1999), the interest in studying
this type of system is not only due to the variety of techniques that can be applied for
its stabilization, but also to its usefulness as a representative model for several
real-world systems that require dynamic balance, such as the movement of robots,
autonomous vehicles, and even aerospace systems (Anderson, 1989; Huang and
Huang, 1994; Nise, 2013; Ogata, 2011). In simple terms, its structure consists of a
motor-driven cart (moving base) with a metal rod mounted at the top, as illustrated in
1), and it has two degrees of freedom: the horizontal translation of the cart and the
rotation of the rod about its upper mounting point (Bugeja, 2003). According to
(Bugeja, 2003), the inverted pendulum is a highly nonlinear, unstable, and
underactuated system, which makes it ideal for the development of various classical
and modern control techniques. These characteristics make its control a significant
research field in various areas, such as electrical engineering, mechanical engineering,

control and automation engineering, as well as aerospace engineering.
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This inherent complexity is primarily due to the system’s nonlinearity, which
refers to the fact that its dynamic behavior changes depending on its current state.
According to (Nise, 2013), this means that the system’s response does not follow a
proportional or predictable relationship between inputs and outputs throughout its
entire operating range. Small variations in initial conditions can lead to completely
different responses, making the control more complex. Unlike linear systems, where it
is possible to accurately predict how the system will react to a command, nonlinear
systems such as the inverted pendulum require more sophisticated and adaptive
controllers, especially when operating away from the equilibrium point.

In addition to nonlinearity, the instability of the system is also a key factor. It is
associated with the equilibrium configuration of the pendulum in the upright position,
which is naturally unstable, as the natural position of the pendulum is downward due
to the action of gravity pulling it in that direction (Santos, 2022). Small disturbances
caused by external forces, sensor noise, or inaccuracies in the mathematical model can
quickly drive the pendulum away from the desired position, which is the upright position,
requiring continuous and precise control actions to maintain stability.

Another challenge that arises in this system is its underactuated nature. The
system has eight state variables that describe its dynamics and only two control inputs.
This means that, although the system has a larger number of variables that describe its
behavior, the available control inputs are insufficient to influence all of them
independently. Since the force used to control the rod is applied to the cart, not
directly to the rod itself, the system is said to be underactuated (Santos, 2022). As a
result, control strategies must take into account the dynamic coupling between the
states, using advanced techniques to ensure stabilization and control objectives, even
without the possibility of directly controlling each individual state.

Building on this foundation, in this work, the inverted pendulum system on a
self-balancing cart is adopted as the object of study. Initially, a dynamic analysis based
on Lagrangian mechanics is performed, which allows the precise formulation of the
system’s equations from its kinetic and potential energy. Subsequently, these
equations are rewritten in state-space form, with the aid of block matrix operations,

thus preparing the model for the design and simulation of modern controllers.
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In the search for effective control solutions, several approaches have been
explored in the literature for controlling systems of this nature. Energy and
passivity-based techniques, for example, are effective during the "swing-up” phase
(Astréom and Furuta, 2000) which is the process of moving the pendulum from the
stable lower position to the unstable upright position. This movement involves
applying forces that make the pendulum swing in a controlled manner, gaining enough
energy to reach the upright position. Alternative methods, such as fuzzy control and
adaptive control, have also been successfully applied, particularly due to their ability to
handle the system’s nonlinearity and complexity without requiring precise
mathematical models. Adaptive control, for instance, has been effectively used to
address time-varying uncertainties in inverted pendulum systems, demonstrating
robust performance in nonlinear dynamic environments (Chen and Huang, 2014).
Fuzzy control is especially useful for designing controllers based on heuristic rules,
avoiding complex analytical calculations (Eini and Abdelwahed, 2019).

For the stabilization phase, when the pendulum is already near the vertical
position, the use of the Linear Quadratic Regulator (LQR) stands out as offering an
optimal solution that balances control effort and tracking error. The LQR is based on
full-state feedback and is capable of ensuring a fast settling time, a smooth response,
and zero steady-state error (Kumar and Jerome, 2013). This paper, after a brief
conceptual review of the LQR controller, proposes its application in the stabilization
control of the inverted pendulum system on a self-balancing cart.

Thus, this study integrates both theoretical and practical aspects in the control
of nonlinear dynamic systems, proposing an effective methodology for modeling,
linearization, and control, with a view to future applications in autonomous systems,

robotics, and aerospace engineering.

2 Mathematical Model

In this part of establishing the mathematical model, we conduct a dynamic
analysis of the balanced cart inverted pendulum (Figure 1) based on Lagrangian

mechanics, solving for the state space expression of the system.
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Figure 1 - Physical image of the balanced car inverted pendulum

Source: https://wheeltec.net

2.1 Lagrangian mechanics

Lagrangian mechanics is an alternative formulation of Newtonian mechanics
that describes the behavior of physical systems based on energy-derived principles
and variational calculus (Lynch and Park, 2017; Taylor, 2005). Developed by
Joseph-Louis Lagrange in the 18th century, this approach stands out for its
effectiveness in modeling systems with three or fewer degrees of freedom and
constraints (Lynch and Park, 2017; Taylor, 2005). The method is based on the definition
of a scalar function called the Lagrangian (L), which represents the difference between
the system’s kinetic energy (7) and potential energy (), as shown in Equation (1),

instead of relying on forces and torques as in Newtonian mechanics (Taylor, 2005).
L=T-V. (1)

This approach is based on the principle of least action, also known as Hamilton’s
principle, which asserts that the actual trajectory of a system is the one that makes the
action stationary, typically minimizing it. The action is defined as the integral of the

Lagrangian over time, as shown in Equation (2) below (Alves, 2017; Taylor, 2005):

t2
S:/mLﬁ, )
t1
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where S represents the action of the system, ¢; is the initial time and ¢, is the final time of
the trajectory under consideration. Applying this principle leads to the Euler-Lagrange

equations, which describe the dynamics of the system (Alves, 2017).
2.2 Balanced cart inverted pendulum model

To facilitate the analysis, we can simplify the inverted pendulum model of the
balancing car. Assume that the left and right wheels are exactly the same (radius, mass,
moment of inertia). Ignoring air resistance, the inverted pendulum of the balancing car
can be regarded as a system consisting of wheels and a pendulum rod. The simplified
model and the adopted rectangular coordinate system are shown in Figure 2, with the

corresponding symbols defined in Table 1.

Figure 2 - Inverted pendulum model of a balancing car

Pendulum rod\A

Car body
S

Source: https://wheeltec.net

Ci. e Nat., Santa Maria, v. 47, n. spe. 4, €92195



Cabral, P. H. C., Caldeira, A. F., Rech, C., Venturini, S. F., Maidana, C. F. & Rosa, C. B. | 7

Table 1 - Symbol Description

Inverted pendulum of the balancing car

Parameter Description and default measurement unit
my Mass of the vehicle body (kg)
ma Mass of the pendulum rod (kg)
Maheel Mass of wheel (kg)

0r, Left wheel rotation angle (rad)

Or Right wheel rotation angle (rad)

0, The inclination angle of the vehicle body (rad)

0, The inclination angle of the pendulum (rad)

Iy Distance from the center of mass of the vehicle to the axis of rotation 1
(m)

Iy Distance from the center of mass of the vehicle to the axis of rotation 2
(m)

Ly The length of the car body (m)

L, Length of the pendulum (m)

w Wheelbase (m)

r Radius of wheel (m)

Loheel The moment of inertia of the wheel when it rotates (kg - m?)

I The moment of inertia of the vehicle body when it rotates around its
center of mass (kg - m?)

I The moment of inertia of the pendulum when it rotates around its center
of mass (kg - m?)

Js The moment of inertia of the vehicle body when it rotates (kg - m?)

Source: Authors

After defining the physical parameters and establishing the coordinate system,
we proceed with the mathematical modeling of the system’s energy components. In the
context of Lagrangian mechanics, both the translational and rotational kinetic energies
must be accounted for when analyzing the dynamics of the balancing car. Since the left
and right wheels are assumed to be identical, it is sufficient to derive the expression for
one of them.

The kinetic energy of the left wheel is composed of two components: the
translational kinetic energy due to the wheel's linear motion and the rotational kinetic
energy due to its spinning. The total kinetic energy of the left wheel is given by:

r? 1

EkL = ? mwheelei + 5 Iwheelei-

In addition to the kinetic energies, the potential energy of the system must also be
considered, which arises from the interaction of the left wheel with gravity. The

potential energy is associated with the vertical position of the center of mass of the left
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8 | Stabilization control of the inverted pendulum on a self-balancing cart

wheel relative to the reference point. In the case of the simplified model, the potential

energy of the left wheel can be expressed as:
E,, = 0.

Moving on to the right wheel, its kinetic energy follows a similar structure. Like
the left wheel, the right wheel's kinetic energy consists of two components: translational
kinetic energy and rotational kinetic energy. Together, these two contributions account
for the total kinetic energy of the right wheel, which is given by:

r? 1

EkR = E mwheelé%{ + § IwheelQ.}Q%'

After discussing the kinetic energy of the right wheel, we now turn to its
potential energy. Similar to the left wheel, the potential energy of the right wheel
arises from the effect of gravity. This energy is determined by the vertical displacement
of the right wheel's center of mass relative to the reference point. In the simplified

model, the potential energy associated with the right wheel is given by:
E,r = 0.

The displacement of the vehicle body is fundamental for describing the overall
motion of the system. It is defined by the positions in the = and y directions and is
influenced by both the rotational movements of the left and right wheels, as well as
the rotation of the vehicle body itself. These contributions are combined into a single
expression that reflects the net displacement of the system and forms the basis for
energy calculations as can be seen in the Equation (3) below. In the simplified model,

the total displacement of the vehicle body is given by:

r .
T = §(HL—|—9R)—|—Z1 sin 0 )

Yy = [y cosby.

Building upon this, the velocity of the vehicle body is a combination of the

velocities of the left and right wheels and the rotation of the vehicle body. These
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velocities are essential for determining the kinetic energy of the vehicle body, reflecting
the motion and interaction between the wheels and the vehicle body. The components
11 and g, represent the rate of change of the vehicle’s displacement in the x and y

directions, respectively, as described by Equation (4) below.

. ro/. . .
r = 5 (QL + 9R> + (91[1 COS 91 (4)

yl = —(9.111 sin 91.

The kinetic energy of the vehicle body, given by Equation (5) below, considers both
the translational and rotational motion of the body. It is influenced by the rotations of

the wheels and the rotation of the vehicle body itself.

r? . N 1 . o
Ekl = §m1 <9L ‘|‘9R> + 5 (mlll +[1) (91

. . 2
. 1 (6, +6
+ Loy (9L+9R> 6, cos 0, + —J5< Lt R) . (5)
2 w

2

The potential energy of the vehicle body arises due to its height relative to a fixed
reference level, typically considered the ground. This energy depends on the mass of
the body, gravitational acceleration, and its vertical position determined by the angle 6,

as shown in Equation (6) below.
E, = migly cos ;. (6)

To continue the analysis, the displacement of the pendulum is introduced. This
displacement is influenced not only by the rotation of the wheels but also by the
orientation of the vehicle body and the pendulum itself. As detailed in Equation (7), the
pendulum’s position in both the x and y directions is expressed by summing the

contributions from each of these rotational effects.

Ty = L (0 + 0r) + L1sinf + I sin b,
’ (7)
Yo = Ly cos by + s cos Os.

The pendulum’s velocity results from the combined motion of the wheels, the

rotation of the vehicle body, and the pendulum’s own swing. These velocities are crucial
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for calculating the kinetic energy of the pendulum. These components are expressed
in Equation (8), where the time derivatives of the angular displacements describe how

quickly the pendulum moves in each direction.

i‘g = g <0L + 0R> + 91[/1 COSHl + églg COS 92

92 == —91L1 sin 91 — Oglg sin 92.

(8)

With the velocity expressions established, the kinetic energy of the pendulum
can be determined. This energy includes terms associated with translational motion
from the wheel rotation, rotational motion of both the body and pendulum, and their

interactions, as shown in Equation (9) below.

r? . N 1 o < 2 1 ) o
Ekg = —My <9L + 9}{) + §m2L1 91 + 5 (mQZQ + [2) 92

8
r . . . r . . .
+ §m2L1 <9L + 9R> 91 COS 91 + §m2l2 (QL + 93) 92 COS 92
+ 77’@[4112919'2 COS (91 — 92) . (9)

In addition to its kinetic energy, the pendulum also possesses potential energy
due to gravity. This energy depends on the mass of the pendulum and its height, which

varies with the angles ¢, and 0,, as presented in Equation (10):

Epg = mgng COS 01 + mggl2 COS 62. (1 O)

Combining all the kinetic energy components, Equation (11) provides the total
kinetic energy of the system. This includes the contributions from the wheels, the vehicle

body, and the pendulum, accounting for both individual and coupled motions.
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T = By + Exr + Ex1 + Ejo

2

. . 2
2 1 . .\ 2 . N2 1 0 0
= (%mwheel + _]wheel> (9L + 9R> +o (my + ma) (9L + 93) + §J5< L Z R)

2 8
+(
1
2

+ (Ml + moLy® + 1) 63 + % (male® + +12) 63

N3

m1l16’1 COS Ql + gmngél COS ‘91 + gmglgég COS 92) (0L + 93)

+m2L1129192 COS (‘91 — 92) . (1 1)

The expression for the total potential energy of the system is presented in
Equation (12). It combines the gravitational potential energy of the left and right

wheels, the vehicle body, and the pendulum.
V=E,.+ Er+ En+ Ep= (mily + maLy) g cos 6y + magls cos bs. (12)

With the expressions for both the total kinetic energy and the total potential
energy of the system fully defined, the Lagrangian function L can now be obtained as
the difference between T and V. This scalar function encapsulates the dynamic
behavior of the system by incorporating the contributions of all relevant masses, their
velocities, and their positions under gravitational influence. The resulting Lagrangian,
expressed in Equation (13), serves as the foundation for deriving the equations of

motion that govern the system’s dynamics.

L=T-V

2

. . 2
7,.2 1 . . 2 r . . 2 1 6 + 9
= <5mwheel + _Iwheel> <0L + 0R> + — (ml + mZ) <0L + 0R> + §<]6< L w R)

2 8
+(
1

3
—

mlllé’l COS 01 + gmngél COS 01 + gmglgég COS 02) <0L + 93)

N3

(m1l12 + m2L12 + Il) ‘9% + 5 (m2122 + +]2) 9% + m2L1l29192 COS (01 — 92)

m1l1 + mng) g Ccos 91 - m2glg COS 92. (1 3)
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12 | Stabilization control of the inverted pendulum on a self-balancing cart

With the total kinetic and potential energies defined, the next step is to formulate

the Euler-Lagrange equations of motion for the system, which is given by:

d (0L
% (5_(]) = Qnon—conservative;

where: ¢ is the generalized coordinate, describing the system’s configuration
along a specific degree of freedom and characterizing the position or displacement of
the component under analysis; ¢ is the generalized velocity, defined as the time
derivative of the generalized coordinate, describing the rate of change of the system’s
configuration over time and playing a key role in characterizing its kinetic energy; and
Qnon-conservative 1S the generalized non-conservative force accounting for energy
dissipation mechanisms such as friction, air resistance, and other forces that do not
conserve mechanical energy. These forces contribute to the total virtual work but
cannot be derived from a potential energy function.

With the Lagrangian function defined, the next step is to apply the
Euler-Lagrange formalism to derive the equations of motion for the system. This
process involves selecting appropriate generalized coordinates that describe the
system’s configuration, in this case, the angular displacements 6, and 6,. For each
generalized coordinate, the Euler-Lagrange equation is applied individually.

By assigning ¢, = 6, which represents the angular displacement of the vehicle

body, we derive the corresponding equation of motion:

.. .. 2
g(mlll + mng) COS 61 <0L -+ 9R> -+ (m1l12 + m2L12 + 11)91

+m2L1l29“2 COS 91 (91 - 92) + m2L1l2922 sin (91 — 92)

— (mlll + mng) gsin 91 =0.

Following the same procedure, by defining ¢ = 6, which corresponds to the
angular displacement of the pendulum, we derive the second equation of motion that

captures its dynamics:
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gmglg COS 92 (9[, + HR) + (m2122 + ]2)‘92 + mnglgél COS (91 — 92)

—mQLllg sin (Ql - 92) 612 - mgglg sin 92 =0.

2.3 Linearization

As the system of equations contains nonlinear terms, it is necessary to linearize it.
A system is classified as nonlinear when it does not satisfy the superposition principle,
meaning its response to multiple inputs cannot be obtained by summing the individual
responses to each input applied separately (Ogata, 2011).

The principle of superposition is a fundamental property of linear systems. It
states that, for a system to be considered linear, it must simultaneously satisfy two
conditions, which are presented below.

Additivity: If the input u; (¢) produces the outputy;(¢), and the input uy(¢) produces
the outputy,(¢), then the combined input u(t) = u;(t)+u2(t) must produce the combined
output y(t) = y1(t) + y2(¢).

Homogeneity (or Scalability): If the input u(¢) produces the output y(¢), then the
input scaled by a constant «, that is au(t) must produce the output ay(t).

If both conditions are satisfied, the system is said to obey the principle of
superposition and is therefore classified as linear. In the case of the inverted
pendulum system on a self-balancing cart, the principle of superposition is not
satisfied, therefore, the system is characterized as nonlinear.

Considering the inclination angle of the stabilizer bar (car body) is relatively small

(usually, —10° < 6, 5 < 10°), it can be considered that:

.

costho =1
sin 9172 =0
2

xel’Q =0.
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So the equation system becomes:

(

r .. r .
5(777,1[1 + mng)QL + §(m111 + mng)QR + (m1l12 + m2L12 + 11)01

—l—mnglgé.g = (m111 + m2L1) g@l (14)

| £m2l29}4 + gmﬂz@.ﬁ + maLylyf) + (m2l22 + ]2) 0y = maglafy.

The Equation (14) is the dynamic equation of the inverted pendulum of the

balancing car.
2.4 State-Space Expression

The state-space formulation serves as the foundation of modern control theory
and provides a structured and flexible framework for modeling, analyzing, and
designing dynamic systems. This approach describes the system through a set of
first-order differential equations that capture both its internal dynamics and
input-output relationships, which can be combined into a first-order vector-matrix
differential equation (Ogata, 2011).

Unlike classical techniques, that often rely on transfer functions and are limited
to single-input single-output (SISO) systems, the state space method is particularly
advantageous for multi-input multi-output (MIMO) systems, as well as systems that are
time-varying or nonlinear (Nise, 2013; Ogata, 2011). By defining appropriate state
variables, the dynamic behavior of the system can be expressed in a vector-matrix
notation, simplifying the mathematical representation of the system of equations,
facilitating simulations, control design, and stability analysis.

To formulate a system in the state-space representation, it is necessary to define
a state vector x(¢), an input vector u(t), and an output vector y(¢). The general form of
a continuous-time linear time-invariant (LTI) system is described by the following set of

equations:

x(t) = Az(t) + Bu(t)

y(t) = Cx(t) + Du(t).
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in this formulation: x(¢) € R™ is the state vector containing the internal variables
of the system, which capture its dynamic behavior over time, summarizing the past
inputs and states that influence the system'’s future evolution; u(¢t) € R™ is the input
vector, representing external control signals or disturbances applied to the system;
y(t) € RP is the output vector, which contains the measured or observed quantities
that result from the system’s internal state and input; A € R"*" is the state matrix,
defining how the current state influences its own rate of change; B € R"*™ is the input
matrix, determining how the inputs affect the state dynamics; C € R*" is the output
matrix, describing how the state variables contribute to the output; and D € RP*™ is
the feedthrough (or direct transmission) matrix, representing any direct influence of
the inputs on the outputs, independent of the state.

These equations form the foundation for expressing dynamic systems in a
compact and structured manner, which is especially useful for computer-based
simulations and controller synthesis. In this subsection, the system under study is
rewritten using the state space representation, providing a solid foundation for the
development of modern control strategies.

First, equation (14) is expressed in the following matrix form:

. .. .. .. T . . . . T
P4><4 (9[, QR 91 92) :Q4><10 <9L QR 91 02 QL 93 01 92 ur, UR) 5

in this representation: P is a 4 x 4 mass-inertia matrix that groups the
coefficients of the second derivatives (accelerations) of the generalized coordinates
and whose structure reflects the inertial coupling between the wheels, vehicle body,
and pendulum; and Q is a 4 x 10 coefficient matrix, collecting all the remaining terms
that depend on positions, velocities, and control inputs.

Each entry of the matrices is defined as follows:

P elements: p;; = p = 1, represent the unit coefficients for the angular
accelerations of the wheels; p3; = psy = 5(mily + myLy) indicate the influence of the
wheel dynamics on the body motion; pss = mili*> + myL,® + I, corresponds to the
combined rotational inertia of the vehicle body; psy = psis = maL1ls reflects the coupling
between the body and the pendulum; py; = ps2 = §myl; relate the wheel motion to the

pendulum dynamics; and py, = m»l3 + I, is the total inertia of the pendulum.
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16 | Stabilization control of the inverted pendulum on a self-balancing cart

Q elements: g9 = 1 and ¢10 = 1 represent the actuation inputs from the left
and right wheel torques, respectively; and ¢33 = (myly + maoLq)g and g = mogly are the
gravitational torque components acting on the body and pendulum.

This matrix formulation enables a compact representation of the system
dynamics, which is crucial for converting the model into the standard state-space form
and for subsequent control design. All other matrix elements not mentioned are zero
elements and u,,  is the system input.

In this paper, the acceleration of the left and right wheels of the car is used as the

input of the system. Then, we can further get:

. .o .o .o T 71 . . . . T
(9L by 6, 92) = P Quro (eL 0 0, 0, 0, On 6. 6y uy uR>

The following matrix partitioning method is used:

—1
Py Q4><10:<a4><8 b4><2)-

This approach allows for the separation of the terms associated with the state
variables and the control inputs. Specifically, the product P4 x 47'Q4 x 10, which
results in a 4 x 10 matrix, is partitioned into two submatrices: a4 x 8, grouping the
coefficients related to the state vector and its derivatives, and b4 x 2, responsible for
collecting the coefficients associated with the system inputs. This decomposition
facilitates the formulation of the state-space model in the standard form x = Ax + Bu.

Then, we have:

. . . . . . .. AT 04><4 E4 92 04><2 ur,
(eL 0, 6, 6, 6, 6 6, 92) - L
Ayxs L 4x8 URr
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0 E 04 : :
Making A = A andB= | , the state equation of the system is:
A48 byxs
. . . . . . . .\T . . . AT Uy,
(6, 6 6 6, 6, 62 6 6) =A(6 0 6 6, 6, G 6, 6) +B . (15)
Ur
Complementarily, the output equation of the system is:
1000 0O0O0O0
01 000¢O0O0O .. . \T
y = (0. 0 61 6 6, 6o 6 6) - (16)
001 0O0O0O0O0
00 01O0O0O0O0

With the matrices A and B defined, and the corresponding output relation
established, the dynamic behavior of the system is now fully described in the
state-space framework. In this context, equations (15) and (16) together form the
complete state-space representation, providing a mathematical model suitable for

control design and system analysis.

3 Controller design
3.1 LQR (Linear Quadratic Regulator) Controller

The Linear Quadratic Regulator (LQR) is an optimal control strategy widely
employed in the design of controllers for linear dynamic systems represented in
state-space form. Its primary objective is to determine a state linear feedback optimal
control law that minimizes a quadratic cost function, thereby ensuring system
performance and stability.LQR enables the design of a closed-loop optimal control
system that ensures improved performance indicators while maintaining a low
implementation cost compared to the original system. Moreover, it is straightforward
to implement and constitutes a well-established and mature technique within modern
control theory (Anderson and Moore, 1989).

The following section provides a brief overview of the LQR principle and applies it
to the stable swing process stabilization of the inverted pendulum in the self-balancing

car.
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Consider that the state-space expression of the continuous linear time-invariant

system (assuming that the system is fully controllable) is:

T = Ax + Bu

y = Cx + Du.

In modern control theory, the most basic control system is the full-state
feedback control system, as illustrated in Figure 3). Its primary objective is to design a
state feedback controller of the form « = —Kx, which represents the system’s optimal
control law and enables direct regulation of the system’s performance through

feedback from all state variables (Ogata, 2011).

Figure 3 - Full-state feedback control system

open-loop plant

A
K

Source:https://ctms.engin.umich.edu/CTMS

The problem at this point is that the matrix K is not unique. Thus, the question
arises: what would be the best choice for K? Before introducing the cost function,
consider the following analogy from the official MATLAB® tutorial: suppose you want
to find the best way to get from home to work, and there are several transportation
options available, such as driving, cycling, taking a bus, or renting a helicopter. Which
of these options would be the best? The question itself has no definitive answer, since
we have not yet defined what ‘best’ means. Assuming, for instance, that only time and
monetary costs are considered, the information regarding the four transportation
options can be shown, for illustrative and didactic purposes, in Table 2.

As observed, if minimizing time is the primary concern, renting a helicopter is
the best option. On the other hand, if saving money is the priority, then riding a bicycle

would be the best choice. Naturally, in real-life situations, people often seek a balance

Ci. e Nat., Santa Maria, v. 47, n. spe. 4, €92195



Cabral, P. H. C., Caldeira, A. F., Rech, C., Venturini, S. F., Maidana, C. F. & Rosa, C. B. | 19

Table 2 - Cost and money cost

Transportation Time/min Money/$

Car 20 45
Bike 75 0
Bus 30 12
Helicopter 4 2578

between the two factors. For instance, if you have a morning meeting, you will likely
prioritize minimizing travel time. However, if your budget is limited, financial cost will
also be an important consideration. In this case, how can we make an informed
choice? A straightforward approach is to use a simple quantitative evaluation method
by defining an evaluation function of the form J = Q - Time + R - Money. This function
allows assigning different weights to time and monetary costs based on individual
preferences or priorities. If the weighting parameters are defined as in Table 3, driving
becomes the most favorable option for going to work. On the other hand, when the

weights are set as shown in Table 4, taking the bus becomes the best alternative.

Table 3 - Example Cost Function 1

Transportation Q Time/min R Money/$ ]J(Cost)
Car 10 20 1 45 245
Bike 10 75 1 0 750
Bus 10 30 1 12 312
Helicopter 10 4 1 2578 2618

Table 4 - Example Cost Function 2

Transportation Q Time/min R Money/$ ]J(Cost)
Car 10 20 1 45 325
Bike 10 75 1 0 375
Bus 10 30 1 12 210
Helicopter 10 4 1 2578 12910

Similarly, in the context of control systems, a cost function, specifically, a
Quadratic Cost Function, is introduced to evaluate system performance, as shown in

Equation (17) below:

= /0 - {xT(t)Qx(t) + T (ORu(t) | dt, (17)
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where: Q is the state weighting matrix, which is semi-positive definite and
assigns relative importance to each state variable in the cost function, allowing certain
states to be penalized more heavily based on their impact on system performance; R
is the control weighting matrix, which is positive definite and determines the penalty
associated with the control inputs, effectively penalizing overly aggressive or
energy-intensive control actions.

In engineering practice, both Q and R are typically symmetric and often chosen
to be diagonal matrices, simplifying their implementation and interpretation. The
diagonal elements ¢; of Q represent the relative importance of the error associated
with the corresponding state variable z;. Similarly, the diagonal elements r; in R
represent the restrictions, or penalties, on the corresponding input component w;,
ensuring that their magnitudes remain within acceptable limits.

Since the goal of the optimal control strategy is to drive all state variable to zero,
each state value is treated as an error to be minimized, called the error value. The
greater the importance of a given error component, the more rapidly it is expected to
diminish. Consequently, a larger weighting coefficient is assigned to emphasize its
reduction in the control strategy. The design principle of the LQR controller is to
construct a state feedback law v = —Kuz that minimizes the cost function minJ. The
objective is to ensure improved performance of the original system, achieving better
performance indicators, while keeping the control effort economically efficient.

Regarding the computation of the state feedback matrix K, only the final results
are presented here, without detailing the intermediate steps, which can be observed

below:

K=R'B’P,

where, P is the solution of the Ricatti equation, which is show below:

AP +PA +Q -PBR'B’P =0.

Similarly, for a discrete linear time-invariant system (assuming that the system is
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completely controllable), the state equation can be expressed as:
z(k+1) = Az(k) + Bu(k),

the quadratic performance index is given by:
+oo
J=Y [xT(k:)Qx(k:) + u” (k)Ru(k) | dt,
0

where: Q is a symmetric positive definite constant matrix or a symmetric
semi-positive definite constant matrix, which penalize the states; and R is a symmetric
positive definite constant matrix, which penalize the control effort.

The objective is to design a state feedback controller u(k) = —Lz(k) that J is

minimized. As in the previous case, only the key results are presented here.
L= (R+B"PB)  B"PA,

where, P is the solution of the Ricatti equation, which is show below:
Q-P+APA - ATPB (R +B’PB) ' B’PA =0.

3.2 Application Example

With the qualitative overview of the LQR controller provided above, the next step
is to demonstrate its design through the stabilization of an inverted pendulum on a
self-balancing cart. This example serves to illustrate the practical application of the LQR
design methodology.

First define the parameters of the inverted pendulum on a balancing cart:
my = 0.9, my = 0.1, 7 = 0.0335, Ly = 0.126, Ly = 0.390, Iy = &, 1, = &2, g = 9.8, I; =
(&) -mi-Li*and I, = (35) - ma - Ly,

Substituting the values and after applying the matrix partitioning method,

we have:
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0, 0 0 0 0 100 0f (6, 0 0
Or 0 0 0 0 010 0f|0x 0 0
0, 0 0 0 0 001 0|]|6 0 0
0y |00 0 0 000 1] 6 . 0 0 ur,
0, 0 0 0 0 000 0|]6 1 0 up
Or 00 0 0 000 0f |0 0 1
0, 0 0 131.6239 —17.9487 0 0 0 0] | 6, —0.1943 —0.1943
0y 0 0 —63.7870 463905 0 0 0 0] \6 | 0.0297  0.0297 |
1 ’ ) 4 ’
and the output equation of the system is:
10000000
01000000 N &
Yy = 00100000 <9L Or 01 0y 0 Or 0 92) .
00010000
y y

The matrix D = 0,o.
For the design of the LQR controller, a sampling period of 0.01 is used to discretize
the system and relevant MATLAB® functions are used.

The Q and R matrices used were respectively:

51.2938 0 0 0

0 0 0 0

0 51.2938 0 0 0 0 0 0

0 0 32.8281 0 0 0 0 0

B 0 0 0 131.3123 0 0 0 0

- 0 0 0 0 51.2938 0 0 0 7

0 0 0 0 0 51.2938 0 0

0 0 0 0 0 0 131.3123 0

I 0 0 0 0 0 0 0 131.3123_
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R = 0.0005 -

T
Theinitial conditions aredefinedas: zo = |0 0 —0.1745 0.1745 0 0 O 0] and

the gains found in the stabilization design were:

K 81.26 —10.06  5492.40 18921.70 100.36 8.03  447.30 2962.77 (18)
81.26 —5492.40 18921.70 8.03 100.36 447.30 2962.77 10.06 |

Applying the control law v = — Kz, with K defined in Equation 18, the closed-loop

system presented satisfactory performance, which is shown in Figure 4.

Figure 4 - Discrete Time System LQR Simulations Results
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Source:Authors, May 2025

The graphics in Figure 4 illustrate the system’s behavior under the designed LQR
controller. The subfigures (a) and (b) show the angular positions of the system'’s
components over time. As observed, the angles 6, and 6, converge rapidly to zero,
indicating that both the cart body and the pendulum are successfully stabilized around
the upright equilibrium position. The responses exhibit minimal overshoot and no

sustained oscillations, confirming that the controller ensures a fast and smooth settling
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behavior. These results support the theoretical predictions and demonstrate the
practical viability of the LQR approach for stabilizing nonlinear, underactuated systems

in discrete time.

4 CONCLUSIONS

Throughout this work, a comprehensive mathematical model of the nonlinear
dynamic system,the inverted pendulum on a self-balancing cart, was developed,
capturing the system'’s essential physical characteristics and interactions. This was
followed by a linearization process that enabled the formulation of an appropriate
state-space representation, serving as the foundation for control system design. Based
on this linear model, the theoretical foundations of the Linear Quadratic Regulator
(LQR) controller were thoroughly presented, including the formulation of the cost
function and the interpretation of the weighting matrices. With this foundation, the
design of the LQR controller was carried out with the objective of stabilizing the system
around its unstable equilibrium point. Simulation results validated the effectiveness of
the proposed controller, as can be observed in Figure 4, demonstrating its ability to
regulate the system even under adverse conditions such as disturbances and varied
initial states. Consequently, the successful validation of the LQR controller also
confirms the precision and reliability of the system’s mathematical model. The
controller provided a fast response with minimal oscillations and high precision in
maintaining the pendulum’s upright position, thereby highlighting the LQR's ability to
optimize system performance by balancing state error and control effort through cost

function minimization, which successfully reached the expected result.
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