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ABSTRACT

The asymptotic homogenization method is a mathematical technique that allows studying the physical
properties of a micro-heterogeneous, periodic medium characterized by rapidly oscillating coefficients
through a homogeneous medium that is asymptotically equivalent to the micro-heterogeneous medium.
The method involves constructing a two-scale formal asymptotic solution of the original problem, and by
applying mathematical formalism, a problem is formulated over a homogenized medium known as the
homogenized problem. This work aims to apply this method to a problem for a hyperbolic equation and
demonstrate the proximity between the solutions.
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RESUMO

O metddo de homogeneizacdo assintética trata-se de uma técnica matematica que permite estudar as
propriedades fisicas de um meio micro-heterogéneo, periédico e caracterizado por coeficientes
rapidamentes oscilantes, através de um meio homogéneo que é assintoticamente equivalente ao meio
micro-heterogéneo. O método consiste em construir uma solucdo assintética formal em duas escalas
do problema original e, ao aplicar o formalismo matematico, constrée-se um problema sobre um meio
homogéneo chamado de problema homogeneizado. O presente trabalho tem como objetivo aplicar
este método a um problema para uma equacdo hiperbélica e demonstrar a proximidade entre as
solugdes.
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1 INTRODUCTION

A heterogeneous medium is characterized by the variation of its physical
properties throughout its structure. In particular, a periodic medium is characterized
by the composition of its structure through the periodic reproduction of a recurring
element called the basic (or periodicity) cell. In nature, there are several examples of
heterogeneous materials, such as bone and soil. We also find examples for
manufactured materials, such as ceramics and gels (Torquato, 2002). Therefore, the
importance of studying such materials is evident, especially how the interaction
between their physical and geometric properties occurs. One way to approach this is
through the use of the so-called asymptotic homogenization method (AHM)(Bakhvalov
and Panasenko, 1989; Bensoussan et al., 1978; Ciouranescu and Donato, 2000; Tartar,
2009), which is a mathematical tool that allows us to evaluate the physical behavior of
a periodic micro-heterogeneous medium, whose separation of structural scales is
characterized by the small parameter ¢ > 0. The AHM obtains a two-scale formal
asymptotic solution (FAS) of the exact solution «¢ of the original problem via the
solution ug of the problem over the equivalent homogeneous medium and the local
problems over the periodic cell. The justification of AHM, i.e., that v, is a good
approximation of u¢, consists of showing, using the estimate resulting from some
maximum principle suitable for each case, that u, is an asymptotic expansion (AE) of u*
with respect to the norm of the space in which they are sought, i.e., that
u® —ug = O(eM), for some M € R*, ase — 0*.

And given the versatility and effectiveness of this method, examples of the use
of homogenization theory can be found in various areas, for example: topological
optimization (Bendsge and Sigmund, 2003; Da, 2019), optimal material design (Ciblac
and Morel, 2014), bone biomechanics (Parnel and Grimal, 2009), structural failure
prediction (Pérez-Fernandez and Beck, 2014), seismic wave propagation (Capdville
et al., 010a,0), nuclear reactor physics (Allaire and Bal, 1999; Weston, 2007), transport
of a chemical species (Ng, 2006), fluid mechanics (Dimitrienko, 1997), fracture
mechanics (Dormieux and Kondo, 2016), coupled phenomena analysis (Auriault et al.,
2009), mathematical medicine (Desbrun et al., 2013), and pollutant dispersion (Costa
etal., 2018).

In this current work, we will address the application of the AHM to a problem for
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the wave equation, considering elastic effects.  Finally, we will present the
demonstration of the proximity between the solutions of the original and
homogenized problems. This work constitutes an introductory study of wave
phenomena in microstructured media, but differs from other works in the field both in
its different approaches and in its richness in details, as it encompasses all the
fundamental steps of AHM, along with an example, which is also presented in full
detail.

2 METHODOLOGY
2.1 Preliminaries

Lemma: Let F(y) e a(y) be 1-periodic differentiable functions, with a(y) strictly
positive and bounded. A necessary and sufficient condition for a 1-periodic solution N(y)
of the equation LN = F, with £ = d% (a(y)%), to exist is that (F) = /01 F(y)dy = 0.
In addition, the solution N(y) is unique up to an additive constant, that is, N(y,C) =

N(y) + C, where N(0) = 0 and C is a constant (Bakhvalov and Panasenko, 1989).

Generalized Maximum Principle for Hyperbolic Equations: Let the generalized
solution u € H}((0,1) x (0,T)), (0,1) C R, of the problem

( 0*u ou 0 ou

+ Bi(:c,t)% + Az, t)u = f(x,t) + 3]2-9(;, t) ,z e (0,1)\I',te(0,T)
u|8(071)— 0,t€(0,7) ’
u(@,0) = ¥u(z), ¥a(z) € Hy((0,1))

ou )
[ 57 (#:0) = o), 2 € L2((0, 1))

where R(z,t) > Ry > 0, S(x,t) > Sy > 0, Ry and S, are constants. The coefficients A;;
satisfy the symmetry conditions A;;(z) = A;;(x) and positive definiteness A,;n.n; > knin;,

Vn € R4, with k& > 0 constant. For the solution v, the following estimate is valid
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ull 2 0,0y x0.7)) < C(Wl(@”ffé((og)) + |2 ()l L20.1)) + I fll22((0.0)x (0.17))

7 % ) 1
+ Z (Hf [ 2((0.1)x (0,1) +t21(13¥)\|f\|L2((0,1)))> (1)

=1
where ¢ is dependent of 7' (Bakhvalov and Panasenko, 1989).
2.2 Problem formulation

Consider the problem of mechanical vibrations of a microperiodic string with
Young's modulus a(z/¢), clamped of both ends with initial displacement p(z), initial
velocity ¢(z) and body force f(x,t), where u¢ is the vertical displacement. Furthermore,
it follows that a, p, ¢ and f are differentiable functions and «a is e-periodic, strictly
positive and bounded.

This problem is modeled as for each ¢, 0 < ¢ < 1, find v € C?((0,1) x (0,7)) N

C1([0,1] x [0,T7]), solution of the wave equation

82 € 0 Oue
Lfu® = a—; = (a‘g(m) 81; ) = f(z,t), x € (0,1) (2)

subject to the boundary conditions
u?(0,t) =u*(1,t) =0,t € (0,7), (3)

and the initial conditions

w(2,0) = pla) (. 0) = ale) 2 € 0.1), @

where the compatibility conditions p(0) = p(1) = 0 must be satisfied.
2.3 AHM aplication
A FAS of the problem defined by Egs. (2)-(4) is sought as the following asymptotic

expansion of the exact solution u¢(x):

1
U(2)<I,t7€) = uO('ray7t) +6u1(x7y7t) +52U2($7yat) y Y = gv E=—,Nn € NJ (5)
n
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where unknown functions wy, k € {0, 1,2}, are twice continually differentiable in z,y and
t, and 1-periodic functions in y.

we have, by the chain rule

0_0, 0_ 9, 0 ©
or Oz y‘r(?y_ax oy
By substituting Eqg. (6) into (2), we get
82
(@ — Loy — 671(/33;;, + ny) — szﬁyy> u® = f(x,t), (7)

where the linear operators L3, o, 5 € {z,y}, are defined as

0

0
Lor= e (a5 )+ B € tan)

By substituting Eqg. (5) into Eq. (7),we obtain
82 —1 -2 2
(@ — Ly — € (Exy + [,yx) —€ £yy> (uo + euy + €*ug) = f(z,t) . (8)

Rearranging the terms by powers of ¢ into Eq. (8), it is obtained that

<_£yyu0)572 + (= Layuo — Lyzuo — E'yyul)gi1

0%u
+ ( at20 _ ﬁxzuﬂ - Exyul - nyU1 — ,nyu2 — f(m’t)> 80 — 0(5) ‘

So, in order to ensure the existence of the FAS in Eq. (5) of the problem in Egs.
(2)-(4), it is necessary to ensury the existence of solutions wy, k& € {0, 1,2}, 1-periodicin y

for the following recurrence of differential equations for (z,y,t) € (0,1) x (0,n) x (0,7T):

e Lyuy =0,

et Ly = —Lyyug — Lygug , (9)
0*u
50 . ,nyUQ = 8—t20 — »Ca:acuO — /nyul — ,nyul — f(l', t) .

Note that the differential equations in Eq. (9) are of the form £,,u;, = F. Thus,
considering = and y mutually independent variables, we can use the lemma in

Subsection 2.1, for each z fixed, taking £ = £,, and N = .
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Applying the Lemma for the first equation in Eq. (9) with N = wo and F =0, it can
be concluded that the existence of solution v, 1-periodic in y is guaranteed and also ug
does not depend on y, i.e., ug = ug(x).

So, the second differential equation in Eq. (9) is rewritten as

da 0
Lyt = _d_Z%' (10)

By applying the Lemma, it can be concluded that the existence of solution wu; 1-

periodic in y is guaranteed, observing that
da Ouyg dug [+ da
TN 2 gy =
<dyax> (3x/0dyy 0,

due to the 1-periodicity of a(y) inherited from e-periodicity of a (g) Then, the structure
of the right-hand side of Eq. (10), we suppose

0
uie,y,0) = Ni(y) 5 (1)

where N; is 1-periodic.
Note that by substituting Eq. (11) into Eq. (10) and assuming that % # 0, itis
X
obtained that NV, is the 1-periodic solution of the so-called first local problem defined by

the equation

d

& (a(y) + a(y)@) =0, (12)

subject to the condition N;(0) = 0.

So it can be concluded that

Nl(y):/oy (%—1) ds, (13)

where a = ((a(y))~!)~! is the so-called effective coefficient.
Finally, by applying the Lemma to the third equation in Eq. (9), using the
independence of ug with respect to y and taking into account Eq. (11), we obtain that

the condition for the existence of a 1-periodic solution u, in y is that uq should be the
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solution of the so-called homogenized problem defined by the equation

82 Uo —~ 821,L0

o “ 0x?

L% =

:f(x7t>7 (14)

subject to the initial and boundary conditions obtained by substituting the FAS in Eq.(5),
the conditions of the original problem.
Therefore, considering u, as the solution of the homogenized problem, we have

that the equation for u, in (9) can be rewritten as

d 82u0
gz = =2 (aly)Ni(y) 55 - (15)
for which, considering the structure of the right-hand side, we assume that
82
wa(2,9,1) = N(y) (16)

ox?’

where N is 1-periodic.

821,60

Substituting Eq. (16) into Eqg. (15) and assuming that 5

# 0, it is obtained that

$2
N isthe 1-periodic solution of the so-called second local problem defined by the equation

d

& (a(y)Nl(y) + a(:t/)%) =0, (17)

Y

subject to the condition N,(0) = 0, so it can be concluded that

Ny(y) = /Oy (M _ Nl(s)> ds. (18)

Therefore, from Egs. (5), (11) and (16), we have the follow expression for the FAS

82U0
ozr?

0
u (z,t,€) = ug(z,t) + N, (g) Tl 4 e2N, <§>

Ox (19)

So, the FAS for the problem in Egs. (2)-(4) is given by Eq. (19), in which N; and N,

are given by Eqgs.(13) and (18), respectively, and v, is the solution of the homogenized
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problem, defined by

( 82U0 ,\62U0
W—aaxz—f<l',t), xG(O,l),t>0
up(0,1) = ug(1,¢) =0 : (20)
ou
0,0 = p(a) . 52(2,0) = g()

2.4 Proximity relation

To demonstrate the proximity between the solutions u¢ of the original problem
and ug of the homogenized problem, we use the maximum principle for hyperbolic
equations in Subsection 2.1 (Bakhvalov and Panasenko, 1989). However, we cannot
consider the estimate in Eq. (1) immediately, as the problems were defined in terms of
different operators, £° and £°, respectively, according to Egs. (2) and (14). To overcome

this, we consider an auxiliary problem based on the FAS

w> Oug 21)

W(z,t,e) = t N<——
u (z,t,€) = uo(x,t) + Ny =) o

obtained from Eq. (19), considering N, = 0.

By using Egs. (2), (12), (14) and (17) and considering y = g, we obtain that the
expression for the error £5u(Y) — f committed when approximating the exact solution u®
of the original problem in Egs. (2)-(4) with the FAS V) in Eq. (21) is given by

83U0 8311,0
20r Ni(y)a(y) O3

LoV — f(x,t) =« (Nl(y) > =F°, (x,t)€(0,1)x(0,7). (22)

Evaluating Eq. (21) at z € {0, 1} and considering Eq. (20), we obtain the boundary
and initial conditions for the FAS »):

ouM
ot

u(l)(O,t,e) = u(l)(l,t,e) =0, u(l)(x,o,a) = p(x), (x,0,e) = q(x). (23)

Therefore, it is obtained the following problem for the FAS u™) defined in terms

of the operator £¢ of the original problem in Egs. (2)-(4):
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(
Lout = Fe + f(x,t), xe€(0,1),t>0

ut(0,t,¢) = ulV(1,8,6) = 0 . (24)

Au®
u(z,0,e) = p(x), —

\ 7(‘%7075) ZQ(I)

Thus, note that by subtracting the problem in Eq. (24) from the original problem
in Egs.(2)-(4), we obtain the following problem:

)
Lo(uf —uY)=—F, 2€(0,1),t>0

u(0,) = u(0,t,6) = w(1,4) = ulV(1,t,) = 0 . (25)

ouf B Au

€ — M — - - =
U (IaO) u (I707€> 0) ot (17,0) ot (1:)078) 0

\

Applying the estimative in Eq.(1) in the problem into Eq. (25), we have the following

estimate for u¢ — uW:

|u® — u(l)HHé((O,l)x(O,T)) < ()| F=]| L2(0,1)x (0,1)) - (26)

As we use the norm of the space L?((0,1) x (0,7)), we have from Eq. (22) that

112 2 e Pug PPug ?
IE= 7 20,1y x0,7)) = € o N1(Q)M—N1(?J)a(y) 93 dzdt . (27)

Moreover, we have that

2

P Pug\’ Du Du
(300 g = Mt 512 ) = [ s~ Milsdals) 5

83u0

ox3

< (M) g + [ 3e])

Assuming that uy(z,t) € C3([0,1]) for all ¢ € [0, T] and that uy(x,t) € C?([0,T]) for all

z € [0, 1], it follows from the Weierstrass Theorem (Lima, 2018) that there exist constants
Ay, Ay > 0, such that

63U0

ﬁ <A2

~ 1,

63UO
ot?0x
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Then, it follows that

83UO

ox3

(N1 (y)% — Ni(y)a(y)

2
200 ) < APNE(y) (aly) + 1), (28)

where A = max{A;, As}.
From Eqgs. (27) e (28), we obtain

P e <24 [ [ N0 (al0) + 1)t
= 2AT /N2 +1)%dz
_ 242 2 (T z ’
_gAT/O N <8> (a(€>+1> dz . (29)

Being N, (g) ,a <§> € C([0,e71]), again by the Weierstrass Theorem, it follows

that there exist constants B;, B, > 0 such that

o)<
g

Thus, by Eq. (29) we have

‘N1 (EN < B,
€

P Boayiom <478 [ do = Bl

where B = max{Bj, B>}, and so, it follows that

1F | 2o,y x0y) < VITVEAB? (30)
Defining ¢(T) = VT for some T > 0, we have from Egs. (26) and (30) that

|u — U(1)||H5((0,1)x(o,T)) <VeAB? = |Juf — U(1)||Hg((o,1)x(o,:r)) = O0(Ve) . (31)
Similarly, it is shown that

Jut?) — o || 13 0,1y x (0,1)) = O(Ve) . (32)
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Then, from Egs. (31)and (32), it can be concluded

[lu" = woll i3 ((0,1)x (0,7y) = lu° = u® +ul® — uoll 3 ((0.)x 0.1)

< |lu® — U(l)HHg((o,nx(o,T)) + Hu(l) - uOHHOI((O,l)x(O,T))

= O0(Ve) + O(Ve) = O(Ve) . (33)
Therefore, by Eq. (33), it follows that v, is an AE of u°.

3 NUMERICAL EXAMPLE

Toillustrate the effectiveness of the method, along with the formal proof, consider

2mx

a problem for the wave equation in (2) with coefficient a (g) =1+0.25cos <T> body

fource f(z,t) = e * and subject to homogeneous boundary and initial conditions

u®(0,t) =0, u(1,t) =0

W (2, 0) = 0, aait(x,()) _0

The figures below illustrate the surfaces for the solution of the original problem,
the homogenized problem solution, the first and second order FAS, as well as presenting
the absolute errors between the exact solution and the obtained approximations, given
decreasing values of the small parameter. Additionally, graphs for the solutions of the
local problems N;(y) and N»(y) are presented, respectively. It's possible to visualize the
proximity between the solutions of the problems, meaning that as ¢ — 07, the solution

of the original problem converges to the solution of the homogenized problem.
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Figure 1 - Behavior of the solutions of the original and homogenized problems, the
FAS, the absolute error of each approximation, and the solutions of the local problems

fore=1/2

Absolute error of u,

Solution of the original problem Solution of the homogenized problem

Solution of the first local problem

3 =
Z 0 s
e , )
02 0.4 06 0.8
X

Solution of the second local problem

- & /" )
ZN 0.005 \ / )
\ / -
Y AY

Source: the authors (2024)

Figure 2 - Behavior of the solutions of the original and homogenized problems, the
FAS, the absolute error of each approximation, and the solutions of the local problems

fore=1/4

Absolute error of uj

Solution of the original problem Solution of the homogenized problem

Solution of the first local problem

005
\ e
/ \\ / \!. ,/ \\ /\\.
= (A VA A R f ! ks
= N/ "-\ / ‘x\ / ‘-\ /
\
W M Y N
& 050 02 0.4 06 0.8 1
X
Solution of the second local problem Absolute error of u,
0.015 107 .‘
\ \ a
0.01 /\ \ ,’{’ \ / \ /\ o 2 A ‘ 2
il i’ \ / \\ ) \ / \ o u? . y , A
o /‘ I\‘I\ f ; ‘\'\ ;’ \I\‘\ / \I‘\ ’ - a
\ \ 1
Mo NN : - ‘
0 02 0.4 0.6 0.8 1 % 00 i

Source: the authors (2024)
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Figure 3 - Behavior of the solutions of the original and homogenized problems, the

FAS, the absolute error of each approximation, and the solutions of the local problems
fore =1/8

Solution of the original problem Solution of the homogenized problem Absoluteerioriatuy

[ 1 ""\ 'A' ‘f\“ ‘Fn |ﬂI flf\'\
;\ LYUrE PRl 1)
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(VR i O A 1
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0 0.2 0.4 0.6 0.8 1
X
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LT O ST | R VY T (O
I \ | |
oot [\ M1 N N
& AT s TR C
nnns,“.\ﬂ”.w’l"\;\\"‘
,w\"\:‘.w‘.‘w"‘.."‘
VARV, "‘] \/ \ VR
% 0.2 0.4 ne 0.8 4
X

Source: the authors (2024)

Figure 4 - Behavior of the solutions of the original and homogenized problems, the

FAS, the absolute error of each approximation, and the solutions of the local problems
fore =1/16

Solution of the original problem Solution of the homogenized problem Absolute error of u,

02 0.4 06

x

Solution of the second local problem

a
0 0.2 04 0.6 0.8 1
X

Source: the authors (2024)
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4 CONCLUSIONS

The example presented illustrates that the AHM is a good alternative for dealing
with problems whose structure is micro-heterogeneous, with coefficients oscillating
rapidly. In fact, traditional approaches like the finite difference method would imply
very fine meshes, given the purpose of capturing this rapidly oscillating behavior of the
coefficients. This represents a high computational cost, which can interfere with the
convergence of the solution. One advantage of using AHM is that, at least in structure,
obtaining the solution of the homogenized problem is simpler to achieve, given that it
presents constant coefficients. This arises from the respective problems presented in
Egs. (2) and (20).

Analyzing the presented graphs, it becomes evident that as the small parameter
decreases, the second-order FAS becomes a better approximation of the original
problem solution, as it provides more information about the problem’s microstructure.
In general, it shows that the three obtained approximations provide satisfactory

resultsase — 0.
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