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ABSTRACT

Let n > 3 be an integer, ¢, a primitive nth root of unity, and K the cyclotomic field Q(¢,,). In this paper,
we present an explicit description of the integral trace form Trg(azZ), where o,z € K and 7 is the
complex conjugate of . Furthermore, we present constructions of algebraic lattices via the twisted
canonical homomorphism with optimal center density in dimensions 2, 4, 6, 8 and 12, which are rotated
versions of the lattices A,,, for n = 2,4,6,8 and K.
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RESUMO

Sejam n > 3 um numero inteiro, ¢, uma n-ésima raiz primitiva da unidade e K o corpo ciclotdmico Q(¢,).
Neste trabalho, apresentamos uma descri¢cdo explicita da forma traco Trx(azz), onde a,zz € Kez é 0
conjugado complexo de x. Além disso, apresentamos construc¢Bes de reticulados algébricos via o
homomorfismo canénico torcido com densidade central 6tima nas dimensdes 2, 4, 6, 8 e 12, que sao
versbes rotacionadas dos reticulados A, paran = 2,4,6,8 e K.
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1 INTRODUCTION

A lattice A of rank full is a discrete additive subgroup of R™, that is, A is a lattice if

there are linearly independent vectors vy, vs, . .., v, € R" such that
A={) aw;: with ¢, €Z, for i=1,2,... n}.
=1

The set B = {vy,v9,...,v,} is called a basis for the lattice A, the matrix

Vi1 V12 -+ Vin
V2,1 V22 -+ U2n

M = ,
Un1 Un2 *°° Unn

whose v; = (vj1,vj2,...,v;,), fOr j = 1,2,....n, is said a generator matrix for A. The
volume of the lattice A is defined as the module of the determinant of the matrix M and
denoted by Vol(A) = | det(M)].

Lattices have been considered in different applied areas, especially in
coding/modulation theory and more recently in cryptography. Algebraic lattices are
those obtained via algebraic number fields. In digital communications, the lattice
parameters of interest are their sphere packing density and minimum product
distance. The higher those two parameters are, the more attractive the lattice
becomes to be used for data transmission over Gaussian and fading channels. The
classical sphere packing problem is to determine the density of a large quantity of
identical spheres can be packed together in the Euclidean space, i.e, determine the
proportion occupied by the spheres centered in the points of a lattice A and having
radius p(A) = min{||z — y||; =,y € A, = # y}/2 relative to the entire space R". So, if
B(p(A)) is the sphere with center in the origin and radius p(A), the packing density of A
is defined by

A(h) = %{A()A”) — Vol (BN g

where 6(A) = p(A)"/Vol(A) is called the center density of the lattice A. The densest

possible lattice packings have only be determined in dimensions 1 to 8 and 24 and it is
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also known that these densest lattice packings are unique. The formula to calculate the
volume of an n-dimensional sphere with a radius 1 can be found in the work of Conway
and Sloane (1998).

The integral trace form associated to an algebraic number field K is an integral
quadratic form and appears in the study of lattices associated to algebraic number
fields. Considering K an algebraic number field of degree n, oy,09,...,0, the
Q-monomorphisms of K in C and a € Ok is such that o;(a) > 0, fori = 1,2,...,n, and
0, 1 K — C is the twisted canonical homomorphism, then ¢,(M) is an n-dimensional
lattice, where M is a Z-module of K. The minimum norm |o,(z)|?, where z € M, is

given by the work of Conway and Sloane (1998).

) Trr(az?)  if Kis totally real;

i 1Trg(axx) if Kis totally complex
2 :

The integral trace form over algebraic number fields has been studied due to its
application in the calculation of the packing radius of lattices generated from Z-modules
contained in Ok. In Interlando et al. (2015), the authors presented the integral trace
form Trg(27), where K = Q((,,) with n > 3. In Ferrari et al. (2020), the authors presented
the integral trace form Trx(az™), where K = Q(¢, + ¢, ') with n > 3. In this paper, we
present an explicit construction of the trace form Trk(azz), where K = Q(¢,,) with n > 3,
for cyclotomic fields as tools for constructing algebraic lattices in Euclidean space with
optimal center density via the twisted canonical homomorphism, where these algebraic

lattices are obtained via ideals of a ring of algebraic integers.

2 BASIC RESULTS FROM TRACE FORM

An algebraic number field K is an extension of Q of finite degree n, that is, [K :
Q] = n. In this case, K = Q(0), where § € C is a root of a monic irreducible polynomial
p(z) € Q[z] and n is the degree of p(x). The n distinct roots of p(z), namely, 6,6, ...,0,,
are the conjugates of 0. If ¢ : K — C is a Q-homomorphism, then ¢(0) = 6;, for some
i=1,2,...,n. Furthermore, there are exactly n Q-homomorphisms ¢;, fori =1,2,...,n,
of Kin C.

An element o € K is called an algebraic integer if there is a monic polynomial
f(z) with integer coefficients such that f(«) = 0. The set
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Ox = {a € K : ais an algebraic integer} is a ring, called ring of algebraic integers of K
and Ok, as a Z-module, has a basis {ay, as, ..., a,} over Z, called integral basis, where n
is the degree of K.

The trace and the norm of an element a € K over Q are defined, respectively, as

the rational numbers

Trg(a) = Zai(a) and Ng(a) = Hai(a).

=1 =1
If a € Ok, then Trx(a) and Nk («) are algebraic integers. The discriminant of K over Q is
defined by

D(K) =D(q,as,...,a,) = det (Trg(oie;)) = det (Ji(ozj))Z,

1<i,j<n 1<i,j<n

where {a1, s, ...,a,} is an integral basis of K.
An algebraic number field K is said to be cyclotomic if K = Q((,), where ¢, is a

primitive n-th root of unity. In this case, [K : Q] = #(n), where ¢ is the Euler's totient

function, the ring of algebraic integers of L is given by Ox = Z[¢] and
{1,¢0, C2, -+, 2™~ is an integral basis for K, where n = p{'p$2 ... p%, with oy, > 1, for
k=1,2,...,s.

Definition 1: The function

(=1)%, if ap =1, forall k.
pn)=4q 1, if n=1.

0, if ap > 1, forsome k.

is called Mobius function.

Now, we present some results that will be very useful for the development of
the trace form Trg(azT), where a,x € Og. Since ¢¥ and ¢, * are conjugates, for k =
1,2,...,¢(n)—1,itfollows that Tri (¢*) = Trx (¢, "), and therefore, Trg (C8+¢ %) = 2Trk (CF).

If & is a positive integer such that ged(k,n) = dj, from Lemma 3.3 of Interlando et al.
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(2015), it follows that

_ pl(n/di)

¢(n). (1)

If k& is an integer such that £ < ¢(n) and d,, = ged(k,n), from Lemma 3.4 of Interlando
et al. (2015), it follows that

Tre(Cy) #0 <= dy = (n/P)t;and k = (n/P)j, (2)

where P = pipy...ps, t; = ged(j,P) for j = 0,1,2,...,¢(P) — 1. From Lemma 3.5 of
Interlando et al. (2015), if i and j are integers such that i, j < ¢(n) and d;_; = ged(i — j, n),
then

Tr(G,7) #0 < dij = (n/P)ty and |i — j| = (n/P)k, (3)

where P = pipy...ps t, = ged(k, P) for k = 0,1,2,...,¢(P) — 1. From Lemma 3.6 of
Interlando et al. (2015), if i and j are integers such that i, j < ¢(n) and d,; = ged(i + j, n),
then

Tre(67) #0 < diy; = (n/P)ty and i+ j = (n/P)k, (4)

where P = pipy...ps, tr, = ged(k, P) for k = 0,1,2,...,2¢(P) — 2, if n = Pand k =
0,1,2,...,2¢(P)—1,ifn# P

3 TRACE FORM FOR CYCLOTOMIC FIELDS

In this section, we present an explicit trace form for K = Q(¢,), where we

consider the same notations as in the previous section.

Proposition 1: If a = ag + a1( + - -+ + %(n)flcg(n)—l € O, then

#(P)—1
Tri() = 2 (¢(P)ao+ S (tf) ¢<tk)> .

Ci. e Nat., Santa Maria, v. 46, €e85207, 2024



6 | Trace form via cyclotomic fields

Proof. If o = ag + CL1Cn -+ Ap(n ICn E Ok, then
_ B(n)—1

Trg(a) = Trr(ao+ a1Gy + - -+ + Gpm)—1$n )

= aoTTK(l) + alTTK(Cn) ot a¢>(n)71T7’K(C£(n)il).

From Equation (1), it follows that

Trg(a) n)ag + Z Z?Z: n)

and from Equation (2), it follows that

Tre(a) = d(n)ao + ¢(§:1 < ) @an).

ty

Since ged(P/ty, tx,) = 1, it follows that ¢(P) = ¢((P/tx)tx) = ¢(P/tr)d(tr), thatis, ¢(P/ty) =
&(P)/o(tx). Since ¢(n) = (n/P)¢(P), it follows that

P(P)—
B \a o(te) n
Trg(a) = 0+ E ( > 3(P) Pﬁb(P)

( Jao Z apun (1) 0 m))

which proves the result.

ol

Corolarry 1: If n = 2", where r > 2, then Trg(a) = ¢(n)ay.

Proof: If n = 2", where r > 2, then d, = 1 if 2 does not appear in the decomposition of k
or d, = 27 if 2 appears in the factorization of k, where ¢ < r — 1. Thus, (2" /dx) = 0, and
therefore, Trx(¢%) =0, for k =1,2,...,¢(n) — 1. Therefore, Trx(a) = ¢(n)ay.

Theorem 1: If o = ap + @G + -+ g 1Cn S Ox and
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2= by + biGu + -+ + bymy1Go™ 7 € O, then

N #(P)—1 p $(n)—1
_ . 2
Trr(axT) = B d(P)ag + ; anpft (5) o(tx) 2 b;
#(P)—1 (13) /L(lz)
t t
+2a9 Y Bpr—gon)+ D aB—5o(n)
2 Pikgr) = D
1<k<r
1<i,j<¢(n)—1
e
+ Z aiBthﬁ)fiﬁ( )7
0<li—jl=3F b
0<k<s
1<i,j<¢(n)—1
where 1 =[], r = [g(P)-%] s = [4D_22] and

B; = byb; + blbz‘+1 + ...+ b¢(n)—1—ib¢(n)—1r fori = 1,2,--- ,gb(n) -1

Proof: If z = by + b1¢n + ... + b¢(n)—ng)(n)71 € Ok, thenZ =by+ 01" + ... + b¢(n)—1§ﬁ¢(n)+1,

and therefore,
#(n)—

p(n)—-1
T = Z Z Bzﬁza
=0 i=1

where B,L = bobz + blbi+1 4+ ...+ bd)(n)—l—iqu(n)—l and 61 = C;l + CT_LZ, fori = 1, 2, <o ,(]5(71) —1.
Ifo=ao+ai1G+ -+ %(n)—ﬁg(n)_l € Ok, then

é(n)—1 $(n)—1
arT = « Z b?—i—oz Z B;j3;
i=0 i—1
$(n)—1 ¢>(n) 1
= « Z b + (ao + a1Gn + - . + a1~ Z Bi(¢, +¢,"
=0 =1
-1 ORI | o1 |
= a Y bta Y BlGHG)+a Y B¢+
=0 i—1 i=1
P(n)-1 . . $(n)-1 ' '
+ay Z BG4+ G ) 4 gy Z B¢ ¢ e,
i—1 i—1
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8 | Trace form via cyclotomic fields

and therefore,

¢( -1 p(n)—1 o(n)
Tre(ozm) = Tre(a Z VP t+ay Y BIrx(Ch+ G + o Z re(GF 4 G
1= =1 i=1
$(n)—1 | |
+asy Z BiTrg(CH2 4 ¢72) +
=1
$(n)—1 | |
tagmy-1 Y Bilrg(¢LHOmTt 4 e,
=1

Since Trg(CY) = Trr(¢; %), for k=0,1,2,...,¢(n) — 1, it follows that

¢ -1 é(n)—1 b(n)—1
Tri(axz) = Trg(a Z b? + 2aq Z BTrx(() + a Z By(Trie(CEY) + Trg (1))
i=1
¢(n)*1

+ay Y Bi(Trx(G) + Tre(¢2) +

=1
P(n)—1 '
+agm-1 P BiTre(GFo™ ™) 4+ Tric(G o0,
=1

\/

Therefore,

p(n)—1 ¢(n)—-1
Trg(oxz) = Tryg(o Z b} + 2ay Z B,Trx(¢)
i=1

B(n)— lfbn) 1 #(n)—1¢(n)-1
I YD SELLEEEED S IR LS
=1 7=1 =1 7j=1
From Equations (1) and (2), it follows that

$(n)-1 o(n)-1 o(P)
(n/di)

S mitnc) = 3 BAL S = > 5

|w

wm
§*I~o
\_/

where t;, = ged(k, P). From Equations (3) and (4), it follows that

d(n)—1 ¢(n P)

Z Z a;BjTrg(¢7) = Z aiBj%Qﬁ(n%

0<i—j|="1% bk
0<k<s
1<i,j<d(n)—1
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where t;, = ged(k, P), s = V—P) - QPJ, and

d(n)—1 ¢(n)—1 M(ﬁ)
a;BjTrg () = Z a;B;—%-¢(n),
=1 j=1 ik ¢(E)

I<k<r
1<i,j<¢(n)—1

where ¢, = ged(k, P), L = [22] and r = [¢(P) — 2£|. which proves the theorem.

Corollary 2: If n = 2", where r > 2, then

P(n)—1 P(n)—1

m—1
Trg(azT) = ¢(n) | ao Z b7 — Z a; Bp—i + ZaiBi
i=1

=1

Proof: From Equation (1), it follows that Trg(¢2™) = —¢(n) and Trg(¢2™ ) = 0, for

j=1,2,....,m— 1. From Theorem 1, it follows the result.

N OF ALGEBRAIC LATTICE VIA THE TWISTED

Let K be an algebraic number field of degree n and Ok be the ring of algebraic
integers of K. Let g; : K — C be the n distinct monomorphisms of K. If ¢;(K) C R, say
that o; is real, otherwise, o; is called imaginary. If all the monomorphisms are reals, K
is called a totally real field and if all the monomorphisms are imaginary, K is called a
totally complex field. If ¢ : C — C is the complex conjugation, then forall j =1,2,... n,
it follows that ¢ o 0; = o, for some & = 1,2,...,n, and that o; = oy if and only if
0;(K) C R. Hence if r; is the number of indices such that ¢;(K) C R, we can ordered the
monomorphisms oy,09,...,0, of such manner that oy,09,...,0, are the real
monomorphisms and that o,,4.,+; = 7,45, for j = 1,2,...,ry. Hence n — ry is an even
number and it can be write as r; + 2r, = n.

Denote MR(z) and J(z), respectively, the real and imaginary parts of + € R. The

twisted canonical homomorphism o, : K — R" is defined by

Ua(x) = (\/04_10'1(13), SRR \/a_ﬁaﬁ(x)? m(JmUnH(x))? 3(m0r1+1(5€)>> SRR
9C{(\/ Qry 412071 +70 (CC)), j(\/ Qry+ry0r 1y (:L'))),

Ci. e Nat., Santa Maria, v. 46, €e85207, 2024



10 | Trace form via cyclotomic fields

foralla,z € R, 0;(0) e Rand oj = 0;(a) > 0, for j = 1,2,..., 7 +rq. If M is a Z-module of
K of rank n, the set A = 0,(M) is an n-dimensional lattice in R". If either r; = 0 or r, =0,

from Proposition 3.3 of Andrade et al. (2010), the center density of A is given by

n/2
o

M = N D® O s M

where D(K) denotes the discriminant of K, [Ok : M] denotes the index of M in Ok, and
to = ¢, -min{Trg(az®) : © € M,z # 0}

with ¢, = 1 or 27! according to whether r, = 0 or r; = 0, respectively. The quantity
2"/ Ni(a)|D(K)|[Ok : M|, is equal to the volume of o, (M),

Next we present some examples of algebraic lattices with optimal center density,
where a table of lattices with optimal center density can be found in the work of

Conway and Sloane (1998).

Example 1: If K = Q(¢), where (s is a primitive 6-th root of unity, « = 3 and
M = (14 2()Ok is an ideal of Ox = Z[(s], then [K : Q] = 2, D(K) = —3, Nk(a) = 9 and
Ng(M) = 7. If z € M, then z = (ag + a1is)(1 + 2(), With ag,a; € Z, and thus
Trr(axT) = 42(a + apa; + a}). Therefore, t, = min{Trx(axZ) : x € M,z # 0} = 42, with
ap = 1 and a; = 0, and the center density of the lattice o,(M) is given by

2 1

M = S M@ PEOr M 2V3

which is the optimal center density for this dimension, i.e., with the same center

density of the lattice A,.

Example 2: If K = Q((s), where (g is a primitive 8-th root of unity, a« = 2 — (3 + ¢ and
M = (—12¢2 4 (2)Ok is an ideal of Ox = Z|(g), then [K : Q] = 4, D(K) = 256, Nx(a) =4 and
Ng(M) = 1. If z € M, then z = (ag + a1z + aa(Z + az(3) (=1 + (s + ), with ag, a1, as, a3 € Z,
and thus Trg(azT) = 8(ad + aga1 — agaz + 3a? + ajas — 2a1a3 + a3 + azaz + a3). Therefore,

to = min{Trg(axT) : x € M,z # 0} =8, with aqy = 1 and a; = ay = a3 = 0, and the center

Ci. e Nat., Santa Maria, v. 46, €e85207, 2024
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density of the lattice o,(M) is given by

a2 1

M = @ PE O M S

which is the optimal center density for this dimension, i.e., with the same center

density of the lattice A,.

Example 3 If K = Q&) where (, is a primitive 9-th root of unity,
a=>5—5C+5(%—2( + 3¢ and M = (1 -y — (5 + (3)Oxk is an ideal of Ox = Z[(y], then
K : Q = 6 DK) = 3% Ng(a) = 9 and Nxy(M) = 81. If = € M, then

z = (ag + a1y + a2C3 + azC3 + as(d + asC3)(1 — (o — & + (), with ag, a1, az, as, a4, as € Z, and
thus Trg(azT) = 177a2 — 243aga; + 207coey — 153agaz — 24apay + 60agas + 17703 — 219a,a5 +
231ayas — 153ayaq — 24ayas + 147a3 — 231lasaz + 213asay — 129asa5 + 165a% — 249azay +
237azas + 165a3 — 249a4a;5 + 165a%. Therefore, t, = min{Trg(azT) : x € M,z # 0} = 54,
with ag = ay = —1, a; = as = 0, a3 = —2 and a5 = 1, and the center density of the lattice
o.(M) is given by

8/2 1

o) =5 Ne (@ DE)|[O : M| 83’

which is the optimal center density for this dimension, i.e., with the same center

density of the lattice Ag.

Example 4: If K = Q((o), Where (y is a primitive 20-th root of unity,
o =3— 200+ Cég’o + Céo - Cir)o - §260 + C270 and M = (1 — 2y — C250 + 2C270)OK is an ideal of
Ox = Z[Cy], then [K : Q] = 8, D(K) = 285%, Ng(a) = 25 and Ng(M) = 16. If 2 € M, then
z = (co + 160 + 2G5 + €3G + cayo + €5(30 + 6o + 7G30) (1 — 2Ca0 — (5o + 25o), With
€o,Cly--.,Cp € Z, and thus Tri(axT) =
240¢2 — 360cqct + 336ccy — 208cqes + 104cgey + 48cocs — 160cocs + 272¢ocr + 17662 — 344cyco +
288cic3 — 144cicq4 + 120¢i¢c5 + 64c1c6 — 160c1c7 + 12¢1 + 1760% — 336¢coc3 + 288cocy — 152¢c9c5 +
120cocg + 48cocy + 1680§ — 304c3cy + 288cs3cs — 144c3cg + 104c3¢; — 12¢3 + 1680421 — 336¢4c5 +
288c4c6 — 208c4cy + 176¢2 — 344cs5¢6 + 336¢507 — 2405 + 176¢2 — 360ccr + 12¢6 + 240¢2 — 24c¢y.

Therefore, t, = min{Trx(azZ) : * € M,z # 0} = 40, with ¢g = ¢; = ¢, c3 = ¢; = 0,

Ci. e Nat., Santa Maria, v. 46, €e85207, 2024



12 | Trace form via cyclotomic fields

cs = c5 = ¢ = 1, and the center density of the lattice o,(M) is given by

82 1

M = A DEOn M 16

which is the optimal center density for this dimension, i.e., with the same center

density of the lattice As.

Example 5: If K = Q({yg), where (5 is a primitive 20-th root of unity,
=3 — 200+ Gy + oy — 5 — ¢S + o and M = (1 — 2¢a0 — 5 + 2¢3,) Ok is an ideal of
Ok = Z|(), then [K : Q] = 8, D(K) = 2855, Nx(a) = 25 and Ng(M) = 16. If z € M, then
r = (Co + c1Go0 + C2C220 + CBCSO + C4C§0 + CSC250 + 06C260 + C7C270)(1 — 2C20 — Cér)o + 2C270)r with
€0\ Cly ..., Cr e Z, and thus Trx(azT) =
240¢2 — 360cqc; + 336¢ce — 208cqes + 104cgey + 48coes — 160cocs + 272¢ocr + 17662 — 344cico +
288cic3 — 144cicq + 120c1c5 + 64c1c6 — 160ci07 + 1201 + 176¢2 — 3360¢9¢3 + 288cacy — 152¢9¢5 +
120c9c6 + 48cocy + 168¢2 — 304c3cy + 288c3cs — 144czc + 104c3cr — 12¢3 + 168¢3 — 336¢405 +
288c4c6 — 208c4cr + 176¢2 — 344cs5c6 + 336¢507 — 24cs + 176¢2 — 360ccr + 12¢6 + 240¢2 — 24c¢y.
Therefore, t, = min{Trx(azT) : * € M,z # 0} = 40, with ¢y = ¢; = ¢, c3 = ¢; = 0,
¢y = ¢5 = ¢g = 1, and the center density of the lattice o,(M) is given by

82 1

M = A DE0r M 16

which is the optimal center density for this dimension, i.e., with the same center density
of the lattice As.

5 CONCLUSION

In this work, we presented the integral trace form Trx (ax), with o, 2z € Ok, where
K = Q((,) is the nth cyclotomic field. The integral trace form was presented in an explicit
manner, amenable to computations. Based on examples which we presented, onde
possibility for future work involves minimizing the integral form trace in modules or

ideals in order to construct lattices with high center densities.
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