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ABSTRACT

The knowledge on the Electroencephalogram (EEG) forward problem is important to improve the 
imaging of the neural activity, that is an inverse problem. This paper introduces the study of the EEG 
forward problem via a nonperiodic homogenization technique: the two-space method. Considering a 
concentric spheres head model for the brain-skull-scalp medium as an micro- heterogeneous medium, 
a simplification consisting of a 1D problem in spherical coordinates with continuously differentiable 
coefficient is considered. The two-space method is applied successfully, and a numerical example 
shows the convergence of the micro-heterogeneous solution to the one obtained by the two-space 
method, as was expected. The preliminary conclusion is that this approach for the EEG forward problem 
with homogenization techniques shows itself as very promising. More experiments should be executed, 
considering more realistic models for the head.
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RESUMO

Entender o problema direto para o Eletroencefalograma (EEG) é importante para a obtenção de 
imagens da atividade neural, processo que constitui um problema inverso. Este trabalho introduz 
o estudo do problema direto para o EEG utilizando técnicas de homogeneização não-periódica, o 
método de dois espaços. Representando a cabeça (um meio cérebro-crânio-escalpo) através de esferas 
concêntricas, como um meio micro-heterogêneo, simplifica-se o problema para um unidimensional 
em coordenadas esféricas, e coeficientes continuamente diferenciáveis. O método é aplicado 
com sucesso, e por meio de um exemplo numérico mostra-se a convergência da solução micro-
heterogênea para a solução obtida através da homogeneização com o método de dois espaços, como 
era esperado. Conclui-se que essa abordagem para o problema direto do EEG através de métodos de 
homogeneização se mostrou promissora. Mais experimentos devem ser executados, considerando 
modelos mais realísticos para a cabeça.

Palavras-chave: Homogeneização Assintótica Não-Periódica, Método dos dois espaços, Meios Micro-
heterogêneos, Eletroence- falograma, Problemas Inversos.

1 INTRODUCTION

Electroencephalography (EEG) is an imaging technique that allows the study of the 

neural dynamics, with a good temporal resolution, from measurements of the electric 

potentials over the scalp. The imaging of the neural activity is termed inverse problem 

in EEG (Hallez et al., 2007) and has attracted increasing interest in the neuroscience 

community, since it has enabled substantial advances in our understanding of the 

human brain function.

Due to the ill-posedness of the inverse problem in EEG (Morales et al., 2019), 

a successfully EEG imaging procedure (determination of the neural activity) requires 

a reduction of the noise signal acquisition (the electrical potentials measured by 

electrodes placed over the scalp associated to the bipolar current inputs) and a detailed 

information about the geometry and physical properties of the head tissues that are 

between the neural activity sources and the EEG sensors. In other words, it requires an 

accurate (and computationally low-cost) solution to the so-called EEG forward problem.

Consider a domain  with boundary ΓΩ, occupied by an heterogeneous 

anisotropic conductive medium with local conductivity σ(x,y,z) representing the head, 
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so (x,y,z)  Ω is a voxel position within the head. With such considerations, the EEG 

forward problem studied here is given by the quasi-static Maxwell equation subject 

to conditions for no outgoing normal electric fluxes · eˆn on the surface of the 

head (scalp) ΓΩ and for the electric potential ϕ on the electrodes (Morales et al.,2019), 

governed by

 
(1)

where J (xi f ,yi f ,zi f ) is the electric current density in positions (xi f ,yi f ,zi f ) ∈ Ω.

Since, in general, no analytical solution ϕ (X, Y, Z) of problem (1) is available, 

various computational approaches have been proposed. Boundary element methods 

(BEMs) are among the most popular due to their low computational requirements, but 

they suffer from limitations on the modeling as they are able to consider only piecewise 

isotropic head subdomains (brain, skull and scalp). On the other hand, the anisotropy 

is considered in the numerical approaches using finite element methods (FEMs), finite 

difference methods (FDMs) and finite volume methods (FVMs). Those approaches 

require that the sizes of the mesh elements (generally tetrahedra) must be chosen as 

small as the smallest anisotropy variation, resulting in a large number of unknowns in 

sparse linear equation systems and, consequently, in a extremely high computational 

cost, e.g., Piastra et al. (2018); Engwer et al. (2017) and references therein.

In this context, this work brings the application of mathematical homogenization 

methods. Owing to the micro-heterogeneity of the brain and assuming that it is locally 

continuous, the equivalent homogeneity hypothesis allows considering these methods 

for producing a hypothetical homogeneous material which is physically equivalent to 

the micro-heterogeneous one, and is modeled with differential equations with constant 

coefficients instead of the original model with rapidly oscillating coefficients that represent 

the micro-heterogeneous properties of the brain. The main idea is that the solution of 
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the problem for the hypothetical homogeneous material satisfactorily approximates the 

solution for the micro-heterogeneous material, with the rapidly oscillating coefficient. 

See Nandakumaran (2007) for an overview of the homogenization techniques.

Great advances have been achieved for the case of microperiodic media via 

the asymptotic homogenization method – AHM (Bakhvalov and Panasenko, 1989; 

Panasenko, 2008). Some results are in Décio Jr et al. (2019). An alternative for nonperiodic 

media is a generalization of the AHM: the so-called two-space method – TSM, which 

was originally presented and applied to the Navier-Stokes equation by Keller (1980). 

Recently, Suárez et al. (2016) studied the application of the TSM to a family of problems 

with elliptic equations considering piecewise continuously differentiable coefficients 

which model the physical behavior of composite materials.

In this contribution, we investigate the effect of the two-space homogenization 

on the numerical solution of an 1D forward EEG problem. The adopted homogenization 

strategy splits the forward anisotropic EEG problem into tree isotropic equations for 

which either an analytical solution exists or the numerical effort is comparable to that 

of BEM. Some considerations on the methodology of the TSM to this EEG problem are 

presented. Due to the fact that, to the best of our knowledge, there is just a few results 

on the TSM in the current literature, this work finds its originality in the application of 

the TSM in the EEG context.

2 THE RADIAL HEAD MODEL

The head model considered here is based on the concentric spheres model (accounting 

for the different tissues in the head as different layers – see, Figure 1) and assuming 

radially symmetrical conductivity σ(x,y,z) = σ(ρ), ρ = . In fact, the first head 

model used was an homogeneous sphere, evolving to multilayered spheres until the 

emergence of finite elements models (Hallez et al., 2007). In this initial work on the 

application of the TSM to the EEG forward problem, we consider that the conductivity 
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σε(ρ) = σ(ρ/ε) is a continuously differentiable, positive and bounded function which 

oscillates rapidly in terms ofthe geometric parameter ε, 0 < ε  1, accounting for the 

separation of structural scales and characterizing the micro-heterogeneityof the head.

Figure 1 – The concentric spheres head’s model

Source: Morales et al. (2019) 

Under such considerations, the EEG forward problem (1) can be rewritten in 

spherical coordinates as

(2)

where fε (ρ) = f (ρ,ρ/ε). Applying the Green’s function theory (Folland, 1992), it is 

possible to show that the unique solution for  problem (2) is given by
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3 THE TWO-SPACE METHOD APPLIED TO THE FORWARD EEG PROBLEM

The two-space homogenization method  (Keller, 1980) seeks for a formal 

asymptotic solution (FAS) of problem (2) which, because of the linearity of the 

differential equation and the availability of an estimate resulting from a maximum 

principle (Bakhvalov and Panasenko, 1989; Larsson and Thomée, 2009), is an asymptotic 

expansion of its exact solution ϕε(ρ). Such a FAS is a two-scale series in terms of powers 

of ε. In particular, consider the following FAS:

(3)

where the local and global variables γ and ρ represent the microscale 

and the macroscale, respectively, and the unknown functions                 

 are bounded

Substitute (3) into the equation of problem (2) and observe that in order to ϕ(2) (ρ,ε) 

be a FAS of the problem, that is,

the following recurrence of equations must be satisfied:

(4)

(5)

where the chain rule   was used.
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Integrate (4) twice with respect to γ in the interval [γ0, γ] ⊂ (0, ∞), to find ϕ1(ρ, γ) as

which turns into

(6)

Assume that the limit in (7) exists and is independent of γ0 so the so-called 

effective coefficient σ̂ can be defined

(8)

Isolate  in (7) considering  form (8) to obtain

(9)

Observe that γ0 ∈ (0,∞) is arbitrary, so integration of (9) with respect to γ ≡ γ0 

yields

(10)

Take such considerations into account, 5 turns into

(11)
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where the so-called local solution N1(γ) is defined as

Integrate (4) twice with respect to γ in the interval  to obtain

(12)

Divide (12) by γ − γ0 and take the limit when γ  ∞ recalling that ϕ1(ρ,γ) and 

ϕ2(ρ,γ) are bounded to obtain the so-called homogenized equation

(13)

where the limit on the right-hand side is assumed to exist independent of γ0. It 

follows that (11) turns into

(1)

where

Observe that if f(ρ,γ) ≡ f(ρ), which means that the source is independent of the 

microscale, then f0≡ 0. Operate as above to obtain

(14)



Ci. e Nat., Santa Maria, v. 45, spe. n. 3, e75138, 2023

Décio Junior, R. M. S., Cezaro, A. D., Pérez-Fernandez, L. D. & Bravo-Castillero, J.  | 9

where  and are independent of γ0 and defined as

and 

Again, observe that if f (ρ, τ ) ≡ f (ρ), then  ≡ 0.

On the other hand, substitute FAS (3) into the conditions of problem (2) to obtain

(15)

(16)

(17)

The homogenized equation (13) completed with conditions (15) define the so-

called homogenized problem whose solution ϕ0 (ρ) completes the expressions (10) 

and (14) of ϕ1(ρ,γ) and ϕ2(ρ,γ) together with conditions (16) and (17), respectively.

The solution ϕ0(ρ) of the homogenized problem (13) and (15) provides a 

good approximation of the exact solution ϕε(ρ) of problem (2) and it is sufficient 

to consider it as the FAS in many applications. However, if knowledge of the local 

details of ϕε(ρ) is required, then ϕ1(ρ,γ), and sometimes also ϕ2(ρ,γ), must be 

considered in the FAS (see Décio Jr et al. (2019) for a related study in a periodic 

nonlinear setting).

The physical meaning of the homogenized problem with solution ϕ0(ρ) is that it 

models the behavior of the hypothetical homogeneous material with property  that 

is physically equivalent to the micro-heterogeneous material with rapidly oscillating 

property σε(ρ) modeled by the original problem with solution ϕε(ρ), so ϕ0(ρ) is a good 
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approximation of ϕε(ρ) for sufficiently small ε, that is, ϕε(ρ) → ϕ0(ρ) in some sense as

ε → 0+. In the next section, this convergence is numerically illustrated.

4 RESULTS

4.1 On the existence of the limit 

Various results of the application of the TSM described in the previous section 

depend on the existence of the limit

(18)

Observe that the limit (18) produces an ∞/∞ indeterminate form, so its existence 

is stated in the following proposition:

Proposition 1 (From the authors). Let  be constants and F (γ) ∈ C( ) 

such that 0 < m < F (γ) < M < ∞. Then, a sufficient condition for the existence of limit 

(18) is the existence of the limit  and

(19)

Proof. The Fundamental Theorem of Calculus (Demidovich et al., 1987) ensures 

that, being F continuous in (0,∞), there exists its antiderivative , 

continuous in [γ0, γ] and differentiable in (γ0, γ) such that F′(γ) = F(γ).

The fact that 0 < m < F (γ) in (0,∞) implies that , so

(20)
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which implies that F(γ) → ∞ as γ → ∞ due to the inequality in (20). Then, the ratio 

in the first limit in (19) is an ∞/∞ indeterminate form, so L’Hôpital’s rule (Demidovich 

et al., 1987) can be applied to yield

This result supports the next section.

4.2 Numerical example

Consider the following realization of the EEG forward problem (2):

(21)

Observe that σε(ρ) = σ(γ) satisfies the conditions of Proposition 1, so does 1/σ(γ). 

Then, the effective conductivity σ̂ is

(22)

Figure 2 presents the rapidly oscillating behavior of the electrical conductivity 

σε(ρ) in (21) which increases as ε → 0+. Also, observe that such oscillations occur around 

 = 1 and their amplitudes decrease as ε → 0+, so σε(ρ) as ε → 0+ as expected.
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Figure 2 – Behavior of σε(ρ) in (21)

Source: Authors

Taking (22) into account, the homogenized problem corresponding to problem 

(21) is

(23)

whose solution, according to the theory of second-order final-value problems (Teschl, 

2012) exists, is unique and is given by

(24)
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Figure 3 shows the solution (24) of the homogenized EEG forward problem (23) 

obtained via TSM in comparison with the exact solution of the original EEG forward 

problem (21) for decreasing values of ε. The convergence of ϕε(ρ) to ϕ0(ρ) as ε → 0+(ρ) 

is clearly observed.

It is important to observe that, while the computational cost involved was not 

measured, it is evident that it is computationally cheaper to obtain the solution for 

a problem with constant and smooth coefficients as the homogenized problem (23) 

than that of problem with rapidly oscillating coefficients as problem 21. This measure 

is relevant for more complex applications of the TSM.

Figure 3 – Solution (24) the homogenized EEG problem (23) compared to the exact 

solution of the EEG forward problem (21) for decreasing values of ε 

Source: Authors
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5 CONCLUSIONS

In this work, the two-space nonperiodic asymptotic homogenization method 

was applied to a radially symmetric 1D realization of the EEG forward problem. The 

calculation of the effective coefficient and related magnitudes was formalized and 

proved via a proposition. Also, the convergence of the solution of the original problem 

to the asymptotic (homogenized) solution obtained from the two-space method was 

illustrated. This work constitutes a small contribution on the two-space method, but it 

showed its potential for applications in EEG modeling, and more realistic models will 

be object of study in future works.

REFERENCES

Bakhvalov, N., Panasenko, G. (1989). Homogenization: Averaging processes in periodic media, 
1º edn. Kluwer Academic Publishers.

Demidovich, B., Baranenkov, G., Efimenko, V., Frolov, S., Kogan, S., Luntz, G., Porshneva, 
E., Shostak, R., Sitcheva, E., Yanpolski, A. (1987). Problemas e Exercícios de Análise 
Matemática, 6º edn. Mir.

Décio Jr, R., Pérez-Fernández, L., Bravo-Castillero, J. (2019). Exactness of formal asymptotic 
solutions of a Dirichlet prob- lem modeling the steady state of functionally-graded 
microperiodic nonlinear rods. Journal of Applied Mathematics and Computational 
Mechanics, 18(3), 45–56.

Engwer, C., Vorwerk, J., Ludewig, J., Wolters, C. H. (2017). A discontinuous galerkin method 
to solve the eeg forward problem using the subtraction approach. SIAM Journal on 
Scientific Computing, 39(1), B138–B164, URL https://doi.org/10. 1137/15M1048392.

Folland, G. (1992). Fourier Analysis and its Applications. Mathematics Series, 1º edn. Wadsworth 
and Brooks, Cole..

Hallez, H., Vanrumste, B., Grech, R., Muscat, J., De Clercq, W., Vergult, A., D’Asseler, Y., Camilleri, 
K., Fabri, S., Van Huffel, S., Lemahieu, I. (2007). Review on solving the forward problem 
in eeg analysis. Journal of NeuroEngineering and Rehablitation, 4, 46.

Keller, J. (1980). Darcy’s law for flow in porous media and the two-space method. In: Nonlinear 
differential partial equations in engineering and applied science (eds. Sternberg, R.L., 
Kalinowski, A. J., Papadakis, J.S.), Marcel Dekker, Inc., pp. 429–443.



Ci. e Nat., Santa Maria, v. 45, spe. n. 3, e75138, 2023

Décio Junior, R. M. S., Cezaro, A. D., Pérez-Fernandez, L. D. & Bravo-Castillero, J.  | 15

Larsson, S., Thomée, V. (2009). Partial Differential Equations with Numerical Methods, 1º edn. 
Springer-Verlag.

Morales, E., Acosta-Medina, C., Castellano-Domínguez, G., Mantini, D. (2019). A finite-difference 
solution for the EEG forward problem in inhomogeneous anisotropic media. Brain 
Topography, 32, 229–239.

.Authorship contributions

1 – Roberto Martins da Silva Décio Júnior
He graduated in Mathematics (2017) and received the MSc in Mathematical Modelling 
(2019) from Federal University of Pelotas. Currently, he is a Professor of Mathematics at the 
Federal Institute of Education, Science and Technology of Mato Grosso. He has experience in 
Mathematics, acting on the following subjects: composite materials, nonlinear behavior and 
mathematical homogenization methods
https://orcid.org/0000-0002-2766-7396 • decio.junior@ifmt.edu.br 
Contribution: Conceptualization, Investigation, Methodology, Software, Validation, 
Visualization, Writing – original draft, Writing – review and editing. 

2 – Adriano Cezaro
He graduated in Mathematics from Federal University of Rio Grande (2003), received the MSc 
in Mathematics and Computer Science from Federal University of Santa Catarina (2006) and 
the PhD in Mathematics from the National Institute of Pure and Applied Mathematics (2010). 
Currently, he is Associated Professor at the Federal University of Rio Grande/FURG. He has 
research interests in applied mathematics with emphasis on inverse problems
https://orcid.org/0000-0001-8431-9120 • adrianocezaro@furg.br
Contribution: Conceptualization, Investigation, Methodology, Software, Validation, 
Visualization, Writing – original draft, Writing – review and editing. 

3 – Leslie Darien Pérez Fernández
He graduated in Mathematics (2001) and received the MSc in Mathematics (2006) from University 
of Havana, and the PhD in Mathematics from the Institute of Cybernetics, Mathematics and 
Physics/ICIMAF (2010). Currently, he is Associated Professor at the Federal University of Pelotas. 
He has research interests in modeling and simulation of multiscale physical and biological 
phenomena and related mathematical methods, fundamentally asymptotic and variational 
homogenization methods
https://orcid.org/0000-0002-4452-264X • leslie.fernadez@ufpel.edu.br 
Contribution: Conceptualization, Investigation, Methodology, Software, Validation, 
Visualization, Writing – original draft, Writing – review and editing. 



Ci. e Nat., Santa Maria, v. 45, spe. n. 3, e75138, 2023

Décio Junior, R. M. S., Cezaro, A. D., Pérez-Fernandez, L. D. & Bravo-Castillero, J.  | 16

4 – Julian Bravo Castillero

He graduated in Mathematics Education from Pedagogical Higher Institute of Havana (1983) 
and in Mathematics from University of Havana (1988), and received the MSc in Mathematics 
(1995) and the PhD in Mathematics (1998) from University of Havana. Currently, he is Senior 
Researcher at the National Autonomous University of Mexico at Merida. He has experience in 
mathematics, focusing on mathematical homogenization and its applications
https://orcid.org/0000-0002-7499-3821 • julian@mym.iimas.unam.mx 
Contribution: Conceptualization, Investigation, Methodology, Software, Validation, 
Visualization, Writing – original draft, Writing – review and editing. 

How to quote this article

Décio Junior, R. M. S., Cezaro, A. D., Pérez-Fernandez, L. D. & Bravo-Castillero, J.(2023) A preliminary 
study on the application of the two-space nonperiodic asymptotic homogenization 
method to the EEG forward problem with continuously differentiable coefficient. Ciência 
e Natura, 45 (spe 3), e75138. DOI: https://doi.org/10.5902/2179460X75138. Retrieved 
from https://periodicos.ufsm.br/cienciaenatura/article/view/75138. Accessed in: day 
month abbr. year.


