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ABSTRACT

In this work we study the asymptotic behavior of solutions for a general linear second-order evolution
differential equation in time with fractional Laplace operators in R®™ We obtain improved decay
estimates with less demand on the initial data when compared to previous results in the literature. In
certain cases, we observe that the dissipative structure of the equation is of regularity-loss type. Due to
that special structure, to get decay estimates in high frequency region in the Fourier space it is
necessary to impose additional regularity on the initial data to obtain the same decay estimates as in
low frequency region. The results obtained in this work can be applied to several initial value problems
associated to second-order equations, as for example, wave equation, plate equation, IBg, among
others.
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1 INTRODUCTION

We consider the following Cauchy problem with fractional Laplace

operators in R™:

Ve (8, %) + (=) (£, %) + (=D)%v(t,x) + (=A)? v, (t,x) =0, t >0,x € R® (D

with initial data

v (0,x) = vo(x), v:(0,x) = vy1(x), (2)
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2 | Decay rates for second-order linear evolution problems with fractional laplacian operators

where 6, and 6 are real numbers with §,a >0 and 6 € [0,a]. The fractional power
operator (—A)%: H?? (R™) — L?(R™) (8 = 0) is defined by
=0)%v() = F1([§1299(D) (),  veH? (RM),xeR",

where F denotes the usual Fourier transform in L*(R™) with respect to the x
variable, ¥ = F (v), HS = H(R™) denotes the usual Sobolev space of L? functions
equipped with the norm ||:|lys and |-| denotes the usual norm in R™. For simplicity
of notations, in particular, we use in all text ||| instead of ||:||,=. The operator
(—A)? is nonnegative and self-adjoint in L*(R™).

The total energy E,(t) associated to the solution v(t) of equation (1) is

defined by

8 2 a 2
Eo(0) = ;{uvt(t)nz ] [CINEAG] I [CHYG] } 3)
In order to obtain estimates for the problem (1) - (2) we work with the
corresponding problem in the Fourier space. Applying the Fourier transform with

respect to the variable x, we obtain

{(1 UL P (08 + BP0, (6 + [EP“0 (1) =0, £ 20, L ERY )

0(0,8) = 9o(§), 9:(0,8) = 9:(5), & € R™

The eigenvalues of the problem (4) have nonpositive real part, and they are

given by

1£1%°
Ay = 20+ &9 <—1 + \/1 — 4]¢]2@=20) (1 + If|25)>-

The solution of (4) can be written as
0(t,&) = Ko(t, 800 (6) + Ky (t,6)9,(8),

where
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Ay eA-t_2_eA+t

N Ayt
o and K69 = ——— (5)

RO (t, E) =

Therefore
v(t,x) = kKy(t,x) * vy(x) + kK, (t,x) * v,(x),
with k a positive constant such that f - § = k(f * g).
For e > 0, we denote by Ey(t,x) and E,(t,x) the solution of (1) localized to

low and high frequencies, that is,

Eo = Eo(t,)(v) = F1(X(§)0(t, ), (6)
Eow = Eu(t,00() = F7((1-2(©)0(t. D), (7)

where y(&) is the characteristic function of {{ e R"/[¢| < €}. To estimate the x-
derivatives norms of v and v; it is sufficient to estimate the derivatives norms of
Eo, 0.Ey Es and 0,E..

If 6 < 6, we observe that the decay structure of (1) is of regularity-loss type
which is characterized by the structure of the eigenvalues associated to the
problem. The regularity-loss property ceases to occur in the case when 8 = 4. Due
to that special structure, to get decay estimates in the high frequency region in
the Fourier space it is necessary to impose additional regularity on the initial data
to obtain the same decay estimates as in the low frequency region. If § < 0 this
effect does not appear, since the solution decays exponentially in the high
frequency zone of the Fourier space (see Proposition 3.1). Such decay property of
the regularity-loss type was also investigated for the dissipative Timoshenko
system by Ide and Kawashima (2008), the plate equation under rotational inertia
effects in R™ by Sugitani and Kawashima (2010); Chardo et al. (2013a); D’Abbicco
et al. (2016) and a hyperbolic-elliptic system of a radiating gas model by Kubo and
Kawashima (2009).

The case 6 > a is called super damping and was studied by Chardo et al.
(2020). Due to the presence of strong damping, some different techniques must

be used. This case was not considered in this work.
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Estimates for the solution to the wave equation with structural damping

u (t,x) — Au(t, x) + 2a(—=0)°u,(t,x) =0, t > 0, x € R", (8)

have been derived in lkehata and Natsume (2012); Charao et al. (2013b);
D’Abbicco and Reissig (2014); D’Abbicco and Ebert (2014); Karch (2000), where as
the case of time-dependent damping coefficients is considered in Wirth (2012); Lu
and Reissig (2009). In D'Abbicco and Ebert (2014), the authors decompose the
solution to (8) into two parts, u =u* +u~, each one related to one of the two
characteristics roots associated to (8). The asymptotic behavior of the Fourier
transforms of each part hints to two different diffusion phenomena. This type of
problem has been extensively studied in the mathematical and physical literature
(see, for instance, Biler et al. (2001); Cérdoba and Cérdoba (2004); Fino and Karch
(2010); Vazquez (2010)). Karch (2000) studied the large time behavior of solutions
to the initial value problem (1) with §=0, 0<26 <a and a non-linear term
F(x,t,u,us, Vu). In the cited paper, an analysis of the solution formula of the linear
problem leads to the conclusion that they behave, as t = o, like solutions of a
similar diffusion equation to the problem in D’Abbicco and Ebert (2014).

Next we mention some important previous works which are related with
this paper. Sugitani and Kawashima (2010) studied a semilinear dissipative plate
equation with rotational inertia effects and a frictional dissipation. To the linear
problem, they used the explicit solution and equivalences for eigenvalues. To the

semilinear problem, they introduce a Banach space X defined by the norm

k
lully = ) supeo(l+ % 105u(Ollyss1-oow0
0'0(’()55"‘1

where gy(k) = k + [%] and s > gy(k) — 1. They proved that the problem is solved

globally in time in the above function space and found optimal decay estimates of
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solutions under the additional regularity assumption on the initial data u, € H5**
and u, € H®, for s large enough.

D’'Abbicco and Reissig (2014) studied the semilinear structural damped
wave equation. They obtained optimal decay to the norm of solution, to the
energy terms and determined the influence of fractionary dissipation on the
critical exponent. The method used for the linear problem is similar to the
method applied in Sugitani and Kawashima (2010) (see also Wirth (2012)).

Based on the energy method in Fourier space, introduced by Umeda et al.
(1984), several works (see Dharmawardane et al. (2010); lkehata and Natsume
(2012); Ikehata et al. (2013)) showed decay estimates to some evolution equations
in R®. Chardao et al. (2013b,a) introduced a new method to get decay estimates
supported on the energy method in Fourier space combined with the Haraux-
Komornik inequality, the monotonicity of the energy density in the Fourier space
and the property of power singularities less than n are integrable around the
origin of R™. They obtained in Chardo et al. (2013b) almost optimal decay for wave
equation with a fractional damping and in Chardo et al. (2013a) for the plate
equation with rotational inertia effects and fractional damping. In da Luz et al.
(2015) they extended these results to an abstract problem of second order

differential equation. The decay rate E (t) = 0(t™*) is almost optimal means that

E(t) = 0(t™**%) (t - +)

for any € > 0.

In this work we study a more general equation when compared to the
problems (or at least to the associated linear problem) studied in Chardo et al.
(2013b,a); Ikehata and Natsume (2012); D'Abbicco and Ebert (2014); D'Abbicco and
Reissig (2014); Karch (2000); Sugitani and Kawashima (2010); Polat and Ertas
(2009); Wang and Xu (2013, 2012). The main objective of this work is to improve
the results obtained in da Luz et al. (2015). Due to the method used in da Luz et al.

(2015), the authors proved almost optimal decay rates only for the total energy of
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6 | Decay rates for second-order linear evolution problems with fractional laplacian operators

order a of the problem, that is, the method does not allow to obtain optimal
decay rates for the total energy, as well as does not allows to estimate each term
of the energy separately. However, as can be seen in Section 4 of this work, the
rates can vary for each term of the energy. In this paper we obtain sharp decay

rates for ||0Y*v(t)||,

|aY2v,(t)||, with y1,y2. € N*, and the corresponding regularity of
the initial data. The regularity of the initial data assumed at this work is not
optimal, a more detailed study on this topic is an open problem.

To obtain the desired decay rates, we study low and high frequency regions
separately. The next section will deal low frequency, using the ideas presented in
D’Abbicco and Reissig (2014) and Sugitani and Kawashima (2010), i.e., we consider
the explicit solution of the problem and estimate the eigenvalues. It will be
necessary to separate in two cases: real eigenvalues (a > 260) and complex
eigenvalues (a < 26).

In the third section we study the problem in high frequency zone through a
redesign of the energy method in Fourier space introduced by Chardo et al.
(2013b,a). In this section we find the additional regularity required in the initial
data (if & < J) to obtain desired decay rates.

In the last section we exhibit and prove the main theorems, combining the
results of Sections 2 and 3. In addition, some important applications are
presented, finding sharp decay rates for the norm of solution and for the terms of
the energy associated with the wave equation with fractional damping, plate
equation with rotational inertia effects and fractional damping and a Boussinesq
equation with fractional damping.

The method may further be applied to various other evolution equations in
R™ with constant coefficients. Moreover, we can add terms of the type
(—=A)%1vy, (—A)01v,, (=A)*v in equation (1) and get decay rates to the solution of
the new problem from the results obtained for the problem (1)-(2). This is

possible because, for example, by adding the term (—A)%1v, we obtain
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1£129 + [£]

as coefficient of the term ¥; at the equation in Fourier space. But this coefficient
is equivalent to |¢]%%, where 6, = min{6, 0,} in low frequency, and 6, = max{6, 6,} in
high frequency. The same occurs when we add terms of the type (—=A)%1v,,, (—A)*1v
in the equation (1). It means that using the method presented in this work, it is
also possible to obtain estimates for this new problem. In order not to make this
a long work, we're going to consider only a simple example in order to illustrate
this case (see Subsection 4.2.3).

Note that in this work we do not discuss the existence and uniqueness of

solutions because they can be obtained via theory of semigroups.

2 LOW FREQUENCY REGION: [¢]| < &

In the following we use the notation f = g if there exist two constants
Cy,C; > 0such that Cig < f < (,g. If the inequality is one-sided, namely, if f < C,g
(resp. f = C1g), then we write f < g (resp. g < f). Furthermore, we use the symbol
y to denote a multi-index with non-negative entries.

We observe that
. 2 . 2
lof a7Eooll" = [ lajocol 1er o ae
Rn
£ 2 £ 2
S 190l [on| 0/ Ko ()] 1E12W ¥ (£)2dE + 1191170 [r| 07 K (D) 1171V ()% dlE,
with E, defined in (6) and K,, K, defined in (5). Setting I, and I; by integrals

|0l (ser-t-2_eP+t)|

BGYD = fyu = 1P (9)2de ©

and
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8 | Decay rates for second-order linear evolution problems with fractional laplacian operators

: 2
|a£(el+t_e/1_t)|

BUWD = fon = 1§12 dg (10)

it follows from (5) that
; 2
10/0YEo || s IlvollZ213G, Iy D + vy 12 G 1y D (11)

To obtain the main results of this section, we estimate each one of the
integrals Iy and I;. To do this, we study separately two cases, one where the
eigenvalues are real and another where they are complex. In both cases we use
the lemma below to obtain the estimates that we need. For the proof of the next
result one may follow as in Gauer Palma (2013).

Lemma 2.1. Letk > —n,f >0and a > 0. Then

5 _ntk
f eIt glkdE s (1 +t) B,  vt>0.
HES

2.1 Case a > 20: real eigenvalues

We consider 6 € [0,%) and £ > 0 defined by £%72¢ = % For |€] < € we have
|§|2@=20) < 11—6and thus the eigenvalues are real. To estimate I, and I; we use the
equivalences on the eigenvalues given by the following lemma. Note that é has no
influence on the behavior of eigenvalues in the low frequency region (see also
Lemma 2.4).

Lemma 2.2. If |§| < € then:

(i) A ~ —|¢[2@=9) (more precisely, —4(2 = V2)[£[2*~®) < 1, < —[¢[2@=9));

(i) A_ = —|&|%? (more precisely, —|§]?? < A_ < —% (1 +\/i§) |€129);

(i) Ay — - =~ [¢]%°.

Proof:

(i) First, we note that
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1 _4(2-vV2)-2

|€|2(a—26) < —

16 16(2-v2)"

Multiplying the above estimate by 4 |£|2(®=29) it implies that
—-16 (2 _ \/E) |E|2(a—29) + 64 (2 _ \/5)2 |E|4(a—26) < -8 |€|2(a—29)

< —4 |€|2(a—26) (1 + |€|25)

Using that 1 — 16 (2 — v2) |£[2@29) + 64 (2 — \/5)2 || 4(@-26) =

(1-8(2 — v2)|¢]2@20)* and 1 — 8 (2 — v2)|£?@2® > 0, we obtain

~8(2 ~V2) 16120729 < ~1+ |1~ 4le[2(e201 + |¢f25),

1 1
From =3 = = 3a5gs) We conclude that

—42—vR) g < =L

< 2(1+—|E|M) <—1 + \/1 — 4|&|2(@-20)(1 + |f|26)> = A4

To prove that 1, < — |¢]2(“=% we see that

<—1 +J1 — 4g[2@26)(1 + |€|26>> < —20817@720(1 + |£12)

because 1— 4|€|2(0(—29)(1 + |E|26) < (1 _ 2|€|2(a—29)(1 + |E|26))2 and

1—2|&|2@=20)(1 + |£]2%) = 0. Multiplying both sides of above estimate by

|£12¢

Gy We complete the proof.

(ii) From % < 1-8J&120@720) < 1 — 4[¢]2@29) (1 + [£]2%) we can claim that

1 1 1 _
Z <1 +ﬁ) < 2(1+—|€|26) (1 +\/1 _4|E|2( 29)(1 + |E|26)> <L
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To conclude the proof we multiply both sides by —|&|?°.

(iii) By the choice of ¢, we have &[22 (1 + [£]?%) < % Thus

Uy

_E < _4|€|2(a—29)(1+ |€|26) < 0.

Therefore

€120 |£12°
L7 S e VI AHEPEA 4 [E) < 1g.

Lemma 2.3. Letl, and I; given by (9) and (10), n = 1 and y multi-index.
Then for all t = 0 we have:

. 1 lyl
() If 4+ 20y| > 46, thenl, (0,y]) S (1+ ) =+ % ~0);

1+ t)_l(Eer) + (1+ t)—%e(gﬂzl'-e)_l

(i) (L Iy = o
' ! (1+t)a9( lle)

if6>0
if 6 =0;

(i) 1, (0, y) 5 (1 +0) @6 2);

(V) 1, (11D s (1+ ) @06t D)

Proof: We will estimate (10) to obtain (i) and (ii). The items (iii) and (iv) can
be proved in the same way using (9).

(i) From Lemma 2.2 follow that

st /1_t|2 e—zlslz(“—f’)t

1§1+¢

|e — e

|/1+ - l—lz

~

Using the above estimate and the Lemma 2.1 we obtain

2(a-0) w
FOD s [ e T gpas < (40 2w

Is‘|<£

because n+ 2|y| — 46 > 0.

(ii) Newly, using the Lemma 2.2,

2
s (er+t— eA-t A2 g2+t 32 p24-t _ _o1212(a—6) 12120
A )| < M < |§|4a-26) g-21¢| t4 gmcll?ot
A4 — 2|2 [A4—2_|?
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with ¢ = %(1+ %)

In the same way it was done in (i), we get for 8 € (0%)

— _ (a—06) _ 0
2@lyD s f (Ig14@-20g =20t o g=clé**0) |g12iIqe
[El<e

n+2lyl+4(a—26) _n+2|y|
< (1+t) 2(a-0) + (1+t) 20

The case 6 = 0 is immediate.

Using the previous lemma we prove the following result to the real case for
low frequency:

Proposition 2.1. Let «,60 such that 0 <26 < «, y a multi-index and (vy,v,) €
L' (R™) x L'(R™). Then the following estimates are true, for all t > 0:

(i) If n+ 2|y]| >40 and j = 0,1 then

' 1 (n, )
007 B @] = Nwollua (14 ¢ @olat )

1 /. |yl .
F v lla (1 + ) @at 5 0), (12)
(i) If n+ 2|y| <46 then
__i(n, ) _am,ll
19:07Eo(©)|| = Ivolls(L+6) @G D)™ 4 Jluglls L+ 07 8G2).  (13)

Proof: For j = 0 the item (i) follows directly from items (i) and (iii) of Lemma
2.3 and from estimate (11). To prove the item (ii), we choose j = 1in (11) and we
use the Lemma 2.3, items (ii) and (iv). To obtain the best decay rate given in (ii),
we see that n + 2|y| <46 implies

n+2|y|+4(a—20) > n+2|y|
2(a—-0) - 20

Thus (13) is true. On the other hand, if n+2|y| > 46 we have the opposite

inequality. This implies the estimate (12) with j = 1.
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12 | Decay rates for second-order linear evolution problems with fractional laplacian operators

2.2 Case a < 20 complex eigenvalues

Now we consider 6 € E,a] and €€(0,1). In this case we have complex

eigenvalues, given by

1$1%9

R TCENTIES

<—1 * i\/4|f|2(“"29)(1 +§129) - 1 >

We obtain the results for complex case following the same steps of the real case.
Lemma 2.4. If |¢]| < € then:
@ 1A = 2| = [§1%
(i) [A,]" s 1€12
(iid) |eAst] 5 o7aIt.
Proof:

(i) Using 1 < 1 + |€]?% < 2, the proof follows directly from the inequality

1
§(4|§|2<0f-29>(1 +1€129) — 1) < |§]2@726) < 4¢|2@=20)(1 4+ |£|25) — 1,V 0 < |§] <.

(iii) By Re (14) < —%Iflze we have |et:t| < gRe(A:)t < e H€1%t,

The proof of the next lemma is quite similar to that of Lemma 2.3. We omit
the details.

Lemma 2.5. Let I, and I; given by (9) and (10), n = 1 and y multi-index. Then,

for allt =0 we have for 6 > 0:
(i) If n + 2|y| > 2a, then Lmn_g.
' LO YD s @ +t)e\a 22/
i 1n, lyl
@) 1,(1, Iy s (1 + ©)7aG+3),;
_1(2+M)
i) IO, ly) s (1 +¢) 0\4" 2
: 1i/n |yl «
() 1,(1, [y]) < (1 + £)"a(a+3+2)
If @ =6 =0 then itis immediate that 1,(j, |y|) s e—ﬁ’t > o, for all i,j € {0,1}.

From estimate (11) and Lemma 2.5, we have the following result:
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Proposition 2.2. Let§,a >0,6 e[ a] y a multi-index and (v, v;) € L}(R") X

LY(R™). Then, for t >0, the following estimates are true:

() If n+2]y| > 2a and 6 > 0, then

) s
10X Eo ]| S woll a1+ ) 8% 27 + flog (1 +1£) © 2J;

(i) fn =1and 8 > 0, then

16:0Y Eo(®)]| < llvolln (1 + 78G54 4 oy lla (1 + 078G+ 5);

. t
(i) If @ = 6 = 0 then ||0/0)Eo(®)|| < {llvoll,2 + llvyll2}e™, forj = 0,1,

3 HIGH FREQUENCY REGION: [¢| = ¢

The results obtained in the previous section complete the estimates we
need to prove the Theorems 4.1 and 4.2 in the region of low frequency. Next, we
are going to obtain estimates for the region of high frequency and the required
regularity at initial data to obtain the desired decay. For this purpose, we apply
the multiplier method in Fourier space. Note that the technique used in this
section is suitable for L*? — L*estimates. To obtain estimates of the type LP — L1
another technique would need to be used.

We consider, for |¢] > ¢, (with €€(0,1) defined at previous section), the

following auxiliary function:

£2a+28_49|f|29

ifa+6 =26
. 2(1+]&128) '
P(f) - g=20+46 | g|2a~26 (14)
. , ifa+6<26.
It is easy to prove that
2a—-260
p(©) < and p(§) < 51— (15)

2(1+|f|25)

Ci. e Nat., Santa Maria, v.43, e14, 2021



14 | Decay rates for second-order linear evolution problems with fractional laplacian operators

for |&| = e.
We denote by E;(t) the energy of order o of the equation (4) in the Fourier

space given by
1 St 1 R
Ey(6) = SKI** 10,1 +5 151105, ¢ =0.
Therefore

2 fm Ex()dE = | (1= x(©)HIEP5*7 0, (0) ]2 + €29+ |5(0) 2} de,
> R™

where y (¢) is the characteristic function of {£ e R"/ [¢] < €}.

Note that choosing ¢ in a suitable way and using Plancherel theorem, the
above integral becames the L? -norm of derivatives of E,, and d.E,, (see definition
of Ex at (7). Thus our goal in this section is to estimate Jg,, E1(D)d¢.

Next we show and prove the main result of this section. Note that the decay
estimate (ii) in the next proposition is due to the regularity-loss structure of the
equation for 8 < 4. In fact, to obtain decay rates to the energy in high frequency

region we need to impose more regularity on the initial data. The decay rate is

directly related to the additional regularity in the initial data (a‘%e,with 0 < 6). Thus,

to improve the decay rate it is necessary to take smaller g, but this imply that it is
necessary additional regularity on the initial data. This does not occur in item (i).
Proposition 3.1. Let §,a >0, 6 €[0,a] and o e R.
@ If (v, vy) 61—1“*%([{{{”) X H‘”%([Rgn) and § < 0 < q, then there is a constant

¢ >0 such that

[ m@ods s (Il + vl gfe  vezo
€1z H2 H="2

(i) If (vg,v,) € HS(R™) x H"(R™), B> 0and 0 < 6 then there isC=C(B) >0
such that

Ci. e Nat., Santa Maria, v.43, e14, 2021
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1
f Ey(6,6) dE < C {lvallZr + ol A+ OB, ve>0
FIEL

+Zandr=6+2242
2 B 2

6-6

with s = a + 3

To prove Proposition 3.1 we need several estimates and lemmas on the
solution 7(t, &) of the corresponding problem (4) in the Fourier space. Multiplying

equation (4) by €175, + p(§)|€|°D and taking the real part we have

%E(t) +F@)=R(), t=0 (16)
where

1 1 -
E(t,$) = 5(1 +1812°) 181719 (D)1* + S @1 + p(O)(1 +1£1%°)I81°Re{0:()D(1)}

1
+5 PO

F(t,8) = [§1*10. (D)1 + p(O§ 12 [0 (D)1
R(t,§) = p(O)(1 + 1°°)I81°19: (D)1

By (15) it follows that R(t) <F(t). Substituting this estimate into (16), we

get

%E(t) +2F(t) <0, (17)

forallt = 0and |&]| = .
Lemma 3.1. The functionals E(t,§) and E;(t,¢) are equivalent for allt >0
and [¢] = e.

Proof: First, we note that

+p(©(1+ 1£12) Re{p (DO} < (1 +161) H05+ p(O*(1 + [£122) P <

D¢ (D)1 n1o(®)[?
(T +117°) = =+ [EPe ===, (18)
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because, by (15),

1§12
5

|€|29 |€|2a—29
21+ 812%) 2

p(©)?(1+[¢1?%) < (1+1817) =

Using (18) with positive sign and n = 1, we have:
o 1 28 |5 2 1 2a |5 2
E® 5 1617 (5167210017 + 5 121901 = B (o),

since, by (15), p(OIE1?° < 21€[2% and 1+ [¢[20 < (720 +1)[¢1%.

On the other hand, using (18) with negative sign and n = 2, we have:
o 1 28|45 2 1 2a |45 2 1
B 2 [1° (161210, 01 + 7 1§00 1) = S E: (0.

Lemma3.2. If § <0 <athenE (t,¢{) SF(t¢) forallt = 0and [¢]| > e.

Proof: For all t = 0 and |¢]| = &, we have
1€1291D:()1? S [€128|D(t) |2 (19)
and

1§12 s p(OIE12* 12D (20)

The last inequality actually works, because the case a+§ = 20 follows from (14)
using the hypothesis § <6; and the case a + 6§ < 26 follows from |&|?* = |&|%f,
which works by hypothesis 8 <« .

Multiplying (19) and (20) by |¢|° and adding the two resulting inequalities,
the lemma is proved.

Using the estimate (17) and the Lemmas 3.1 and 3.2, we can prove that
there are positive constants c,c¢; such that

d d d 1
— < — < — — < > >
7 E(t)+cE(t) < th(t) + ¢ E(t) < th(t) + 2F(t) <0, vVt >0 and |¢| = «.
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By the equivalence between E and E; given by Lemma 3.1 we conclude that

E (t,&) S e “EL(0,8), vVt >0 and [¢]| = e.

Integrating over the region of high frequency [£]| = ¢, we obtain

f E,(t,6) df S et f (16128495, |2 + 16125479, |2) dé
EL HHEE:
g
< et f (1 + [E12)°%210, 12 de
|€|ze

a
# AP EI0 dg 3 {InlE g+ ol g} e
€122 o2 o2

The proof of the item (i) of Proposition 3.1 is complete.
The next lemma is important to estimate the integral of energy in high
frequency region in the Fourier space when there is the property of regularity-

loss, that is, when 6 < 4. Using the result of next lemma we will prove the item (ii)

of Proposition 3.1.

Lemma 3.3. We define

1) = [ o Ea(6,6) d and J(O) = [, F(£,8) dE.

Let§,a =0, 6 e[0,a],0eR,B >0, 8 <6§and (vy,v,) e HS(R™) x H'(R™). Then there is
Cg > 0 such that, forall t >0,

L] < Cplllvgllar + llvollas}P ()

IR S _s4ff,
withs=a+ 5 +2andr—6+ 3 +2.

Proof: For any f > 0 we have
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148 148
[1<t>11+f*’s[flf| |5|25+G|9t<t)|2de] +U|€| |é|2a+<f|ﬁ<t)|2df]

2 20+0 2 1+B

' 2040 s 2 2
= f |E] TR |E|12949|D,(0)|" THRIE| T+B |9, (0)|1+F dé
L/ |€ |z

_ - 2-—2_ 1 2 1+
’ fm (p()E124+9) T+ |g]204 |p(e) " T (o (&) [24+9)THE [o(¢) T+ dfl

for all t = 0. Then, by using Holder's inequality in L% and L'*# we obtain
1+ 2915428428 | 2 d —Z L F12a+a |5 (2 g
T 5[ fnedéT77 772 1008 d8| + | [ © FlgPe 1001 8| O @1

forallt > 0.

Next we need to estimate both integrals in the right hand side of the last
inequality in terms of the initial data. Multiplying equation (4) by 7,, taking the
real part on the resulting identity and integrating over the time interval (0,t) we

obtain

(14 1€12%) 19:(0) 12 + 1€12%|D(t) 12

t
12 f E12019,()[2 ds = (1 + |€[28) |9, 12 + |€]2] 5|2
0

Now, multiplying both sides of the above identity by m‘%ﬂf’f% and

integrating over || = & we obtain

—ﬁ+a+%‘s+26

20, 28
fiepsel€17 1912 dE + [, JEI7F7TF N D012 dE s

5+2242 50,0
fetseLH IR0, dg o+ [, (L4167 2017 . 22)

By the assumptions of lemma we have a + 6 > 26. Then, by definition of p(§)

given in (14) it follows that
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290+ 42a

JigiseP B PRIPFTID(DI% d§ < K [io1, JE1 #7777 1D(0)1* d8. 23)
Using (22)-(23) in (21), we obtain

B
IO < Cp{llvallr + lwolls} J(®),  ve=0,

626
B

6§-0

withr =4 + 3

+Zands=a+ + 2,
2 2

Now, we observe that, by Lemma 3.3, we can write
K 1
E[l(t)]lw =3 J@®, vt=0,

-1
where k = (Cyfllv, I3 + vl

By Lemma 3.1, there are constants m and M such that

mE,(t,&) < E(t,&) < ME;(t,§), Vvt =0 and [é| = «.

Consequently, we have

1+

B 1
%fngE(t) dé + ZMIL'B [flflzaE(t) df] = % flflst(t) d¢ + 2 ](t) =0

(24)

where the last inequality is due to the estimate (17).
Therefore, applying the Lyapunov's theorem (see Komornik (1996)) in (24),

we conclude the following decay estimate

1
[ E@oas < climl+ vz} a+07s, vexo,
€1z
with 0 < € = C(B). The proof of the item (ii) of Proposition 3.1 is complete.

4 RESULTS AND APPLICATIONS
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4.1 Main results

In this section we use the results obtained in the previous sections in order
to find decay rates for the L? -norm of 3)* v(t) and 8)2v,(t) and the corresponding
regularity in the initial data. Observe that for appropriate choices of y; and y, we
can obtain estimates for the L?2-norm of solution, for each term of energy defined
in (3) and also for H™ norms of v and v;. In Theorem 4.1 we do not determine
values for B > 0 for the purpose of to make this choice appropriately on each
application. The same occurs in Theorem 4.2. We can choose § so that give the
sharp rates and in this case will require more of the regularity of the initial data.
Or we can also choose f to require less regularity on the initial data, resulting in

worse rates.
Theorem 4.1. If §,a20,0¢€[0,%),v, € H(R") nL'(R") and v; € H'(R™) N
L*(R™), for r and s specified below, then the solution of the problem (1) - (2)

satisfies the following estimates for all t > 0:

(D) If n+ 2]yq| > 46 then

1 (n, |yl
|07 v(®)|| S llwoll2 (1 +8) - aola )+ il (1 +8) @ aala

+ {lvillgr + llvollus} £(8),

n |V1| 9)

"Ct(ceR) if6<8 ly1l if6<0

= 5-6 . and r=s+6 — a.
A+07F ifo<s Inl+=—= if6 <86

with f(t) =
(i) If n+2|y,| < 2aand 0 ¢ [ + == |V2| a) then
n | Y2l _ n, |y2l
M%ﬂMlnwmu+oa4 St @+ 086
Hllvillar + llvollms} £(0), (25)

and if n+ 2|y,| = 2aor8 € [0 +h/2|) then

_L(EJ,M)_ 1 (
0220, ()| S lvollr (1 +£) @ 0F 277 4 |jyy [|la (1 + ) @ 2
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+H{l[villgr + lvollgs} £(B), (26)
) et(ceR) if6<80 VA ifé6<o . 5
wit t) = , = 5-6 . and s=r+a—296.
Fo A+D7% if6<s 2l + == if 0 <6
Proof:

(i) By definition of E; and E,, we have

1z vl < (|07 Eo O] + [|03 Eeo (D]

We choose y = y; at Proposition 2.1 and consider n + 2|y;| > 46.Using (12) and the
Proposition 3.1 with o = 2|y;| — 2a it follows the result.

(i) We can write

17| < [|9270:Eo (O] + [|0:07*Ec (O]

Choosing y =y, at Proposition 2.1 and o = 2|y,| — 26 at Proposition 3.1, we have
two options. If n+ 2|y,| < 2a and 6 € E+%%) we use (13) and obtain (25). For the
casen+2|y,| = 2a or 6 € [0,%+h’2—2|) using (13) it follows (26).
In the same way, we prove the following result, for the case a < 26:
Theorem 4.2. If §,a>0, 0 € [g,a],vo € HS(R™) N L'(R™) and v, € H"(R™) N
L*(R™), with f(t), r and s defined at same manner as in Theorem 4.1, the following

estimates are true, for all t = 0:

() If n+ 2|y,] > 2a then for 8 > 0 we have

1 v1l 1 ly1l
107 vO)|| < volln (L + 07862 4+ oyl (1 + 0365 5)

+ {lvillgr + lvollys} £(0),

and, for 6 =0,

t
[0 v @] S Ulvollys + llvallde™ + {lvallar + llvollus} £ (©);
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(i) f n=1and 6 > 0 then

1 V21 1 ly2l
10720 |]  volln (1 + 0786 275) 4 o1+ 096 E)

+ {llvillgr + llvollys} £(©),

and, if 6 =0,

t
0220, (O)|| < {llvolls + llvallie ™ + {lvyllyr + lvellys} £CO).

4.2 Applications

Now let us apply the above results to several initial value problems
associated with some dissipative partial differential equations of second order in

time.

4.2.1 Wave equation with fractional damping

We consider the equation (1)-(2) withé =0and a =1, that is, the wave

equation

Ve (8, x) — Av(t, x) + (=A)? v, (t,x) = 0, t=>0, x € R"

with initial data

U(O, x) = UO(X), vt(O, X) = Ul(X),

and 6 €[0,1], where the associated energy is defined by

1
Ey(0) = 5 {llve O + IVo @117}
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Note that § < 6. Moreover, for this choice of @, we have a > 26 if and only if

0 < % Thus, it appears here the separation in cases 6 € [O%) (real eigenvalues for
the low frequency region) and 6 € El] (complex eigenvalues for the low

frequency region). If 8 € [0%) , we can apply Theorem 4.1, to get that

L
vl < {llvillg-1ar + lvollzae} (1 +1¢) =637,

for all n > 40;

1 , 11
Usllizus + ollsoad (L + 6759, ifn=tandoel;3),
e @l = L + e
vodllzop + vollyinp} A+ 078G ifn>20r0€ [o, Z)’

_L(Bl)
Vo (Ol < {Hlvillizar + lvollgrage} (14 ¢) 1=6%47277),

forn>1.
Now for 6 € El] we have a < 26. Then, using Theorem 4.2 we can obtain

the following estimate for the norm of solution, for n > 3:
1@y
vl = {llvillg-1n02 + Vol 203 (1 +8) 8N4 2/;
and the following decay rates for the energy terms
n
lve @I + IVl s {llvallzap + 1vollgin} (1 +1) 49,

in the casen > 1.

4.2.2 Plate equation with rotational inertia effects and fractional damping

In the previous works Chardo et al. (2013a); D'Abbicco et al. (2016) for the

plate equation with rotational inertia effects and fractional damping the authors
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considered the hypothesis 8 € [0,1]. In this application we generalize this interval
assuming that 6 € [0,2]. Note thata > 260if 6 € [0,1) and a < 26 if 6 € [1,2], that is,
to obtain the results it will be necessary to separate in two cases. This situation is
similar to that one for the wave equation with fractional damping when the
interval 8 € [0,1] is separated at intervals 6 € [0%) and 6 € El] (see Charao et al.
(2013b); Ikehata and Natsume (2012); D’Abbicco and Reissig (2014)).

We consider the following problem:

{vtt(t, x) — Avg (t, x) + A%v(t, x) + (=A)%v,(t,x) = 0, t=>0, x € R
v (0,x) = vp(x), v:(0,x) =vy(x),

with 8 € [0,2]. That is, we take § =1 and a = 2 in (1)-(2).

The associated energy is given by

1
Ey(©) = S {lve @I + Vv (D117 + 1Av(©)117).

. 1 1 . ,
If 6€[0,1), we consider |y;l=0and §=EG_9)' By item (i) from

Theorem 4.1, we have the following estimate for the L>-norm of solution, for all

n > 40:
—L(20)
lv@®Il s {lvillgrag + Nvollgsagd (1 +t)2-0\"7),
. _ (1-6) (n-46) _ _ (1-6) (n-406)
with r = -0 lands = e

In order to get decay rates for the energy, we estimate each term of it

separately. In the next three estimates we assume 6 € [0,1). At item (ii) of

COwith L= 11 (n_ |
Theorem 4.1 we can choose |yz| = 0 with 25— 10N (25) and 3z =5 (4 9) +1in

(26), to obtain

_n . n
{”vlllHTlnLl + ”UOHHSle} (1 + t) 46, lfn <4 and 0 € [—, 1);
o ()l < 4

n

_L(__g)_l i n
Ulvillgrzar + lvollgsaape} (1 +t) 2-6\4 ) ifn=>4or 0€ [O'Z)'
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(1-6)n (1 on (1 0) (n—86+8) _ (1-6) (n—86+8)
20 717 20 +1 2(2-6) and s, = 2(2-6)

with r; = + 1.

Now, if|y2|=1,with$=%(%+%) in (25) and 3z = ;55 (5+3-6) +1in (26)

by item (ii) in Theorem 4.1 it follows that

3 , 3
{”vllalnLl + ”vo”H‘?nLl} (1+1¢) 29, ifn=1and 0 € [Zr 1),
IV, (D) <
3
Qvilloras + [vollsop} (1 + £ 28E 201 ifn>20r0€ [O'Z>'

(1-60) (n+2) g=2+ (1-60) (n+2) r=14+ (1-6) (n—86+10) and s = 2 + (1-6) (n—86+10)

wherep =1+—-—, 20’ 2(2-6) 2(2-6)

On the other hand, if |yi|l = 2 and % = —9( +1-— ) the Theorem 4.1, item

(i), gives us:

6
”Av(t)” S {”v1”HTnL1 + IlvollenLl} (1 + t) 2— 9( +1- )

(1-6) (n—46+4) and s = 2 + (1-6) (n—46+4)

wherer =1+ 22=0) 2(2=8)

The result for the case 6 € [1,2] is obtained similarly to the previous case,
using the Theorem 4.2 instead of Theorem 4.1. The decay rates obtained to the

L?>-norm of solution are:

2(3-1)
vl S {lvallg-102 + voll a2} (T +8) 708,
for n > 4. For the energy terms we have:

n
lv: (O < {lvillza + lvollgragd (1 +¢) 465
1y
IVo (Ol s {lvillgrage + vollgzaa} (1 + ) 0\472);

n
1Av(ONl s {lvillgaace + 1vollgzaed (1 + ) 48

Remark 4.1. The plate equation without the inertia rotational effects, that

is, (1)-(2) with @ =2 and § =0, does not have the structure of regularity-loss. In
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this case, the decay rates are equal to the above rates, but without assume

additional regularity at the initial data.

4.2.3 Boussinesq equation with fractional damping

In this subsection, we want to show that it is possible to add terms of type
(=001, (—A)01v,, (=A)*1v in the equation (1) in order to obtain decay rates for
the total energy and for the L?*-norm of solution from the previous results.
However, we consider just a simple example to illustrate this case.

In Polat and Ertas (2009) the authors studied the Boussinesq equation (IBq)
with the strong dissipation Av, (see Wang and Xu (2013, 2012)). Next, we regard a
more general case than the linear problem studied in Polat and Ertas (2009),

considering the following IBg with fractional damping in R™:
Ve (8, %) — Av(t, x) — Avee (8, %) + A%v(t, x) + (=A)°v,(t,x) =0, t > 0,x € R® (27)
with 8 € [0,1] and initial data

v(0,x) = vy(x), v:(0,x) = v, (x). (28)

The energy associated to this equation is given by
1
Ey() = S lve I + Vv @17 + IVoe (O + 1av ()11},

Applying the Fourier transform in (27) and (28), we obtain

{(1 + 18100 (6, §) + 181790,(6, ) + (1517 + €1 9(¢,§) = 0,
9(0, E) = ﬁO(E)) ﬁt(oﬂ f) = ﬁl(f)

This problem is not a specific case of the initial problem (4). But we note

that for [§| < e is valid the equivalence

1§12 ~ 1§12 + 1§1%,
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which leads us to conclude that the estimates in the low frequency for this
equation are the same of Propositions 2.1 and 2.2 considering a = § = 1.
On the other hand, if |£]| = ¢, then
1§1% = 1§12 + 1817,

and therefore the estimates and regularity in the initial data for this equation at
high frequency are given by Proposition 3.1, with @ = 2 and 6§ = 1. This gives us the
following results:

Theorem 4.3. If ¢ [0%) and (vo,v1) € [H*(R™) n LY(R™)] x [H"(R™) n LY(R™)],
with r and s specified in each case below, then the solution of the problem (27)-
(28) satisfies the following decay estimates:

(i) If n> 460 thenfort >0

)
lvOIl s {llvillgras + llvollgsarad (T +6) -6,

n—460 __ n—480

with r =

(i) fn>=1then fort =0

V0Ol S Aoyl + Ivollusap} (4 + O =8GE+279),

Wlth r= n+2-46 d s=1 + n+2— 49
‘]
180D S Ulvallgros + [vollpsngs} (1 + ) T0(E+176),
with r = 1+n+4 ~0 ond s = 2+n+4 49,
_1 . 11
sl cus + Wollgssoua} (1 + 0759, ifn=tandoe|2,2),
”Vt(t)” s 1 m_, ! %
Uosllareass + wollyssnsn} (1 + 0 T0E 01 ifn>20r0e [o, Z)'
with 7 (122)n s, =1+ (1- Z)n r, = n—829+4 nd s, =1 +n 89+4,
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(M e)
Vv (Ol S {lvillgrazr + lvollgsa} (1 +¢) 1-01472 )

. —80 —80
with r=1+$ and s=2+$.

Theorem 4.4. If 0 [2,1] and (vo,v,) € [HS(R™) n L*(R™)] x [H"(R™) n L (R™)],
with r and s defined in each case, the following decay estimates for the problem
(27)-(28) are true:

() Ifn>2then for t =0

_1(2_1)
vl = {lvillgram + lvoll gsap} (1 +6) 8442,

(1-6) (n-2) 1and s = (1-6) (n—2)

- o in case 6 < 1.

withr=—-1ands=0incased = 1,and withr =

(i) Ifn>=1then fort =0

n
V@Il + eI S {llvallarae + lvollgsa} (1 +8) 49,

(1-6)n (1-0)n

ands =1+ 9
20

withr =0and s = 1incase 8 = 1,and withr = incasef < 1;

1m 1
IAv(OIl + Vo (Ol s {lvillgrars + 1vollgsarr} (1 +¢) o(a+2),

withr =1ands = 2incase 8 = 1,and withr =1 + —(l_giénﬂ) and s =2 + —(1_9;:”2)
at case 8 < 1.
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