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Abstract

This article develops a variational formulation of relativistic nature applicable to the quantum mechanics context.
The main results are obtained through basic concepts on Riemannian geometry. Standards definitions such as
vector fields and connection have a fundamental role in the main action establishment. In the last section, as a
result of an approximation for the main formulation, we obtain the relativistic Klein-Gordon equation.
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1 Introduction

In this article we develop a variational formulation suitable for the relativistic quantum
mechanics approach in a free particle context. The results are based on fundamental concepts
of Riemannian geometry and suitable extensions for the relativistic case. Definitions such as
vector fields, connection, Lie Bracket and Riemann tensor are addressed in the subsequent
sections for the main energy construction.

Indeed, the action developed in this article, in some sense, generalizes and extends the one
presented in the Weinberg book [8], in chapter 12 at page 358. In such a book, the concerned
action is denoted by I = Iy + Ig, where I, the matter action, for NV particles with mass m,,
and charge e,, Vn € {1,..., N}, is given by

- > dan, (p) da; (p)
Iy = —nzlmn/_oo ~ g (2(p) =5 == = dp
= /Q N A
N e .%'Z
3o [ EEP AN b m

where {z,(p)} is the position field with concerning metrics {g,, (z(p))} and

0A 0A
Fu=-—-——F
" Or, Oz,

represents the electromagnetic tensor field through a vectorial potential {A,,}.
Moreover, the gravitational action I is defined by

1
Ig = — d*
= 162G /QR(x) Vg diz,
where
R=¢""R,,.
Here
R,U«V = RZO'ZI7
where
R},

are the components of the well known Riemann curvature tensor.
According to [8], the Euler-Lagrange equations for I correspond to the Einstein field equa-
tions,

RM — %g‘“’R + 87GT™ =0,

where the energy-momentum tensor 7" is expressed by

N 0 A K
T — \/gZ/ dl‘n(p) dl‘n(p) 54(:1: _ xn) dr,,
n=1v 7"

dr, dr,

1
+F) () P (z) — ZgMF,wFW. (2)
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One of the main differences of our model from this previous one, is that we consider a possible
variation in the density along the mechanical system.

Also, in our model, the motion of the system in question is specified by a four-dimensional
manifold given by the function

r(a(x,1)) = (ct, X1 (u(x, t)), X2(u(x,1)), X3(u(x, 1)),
with corresponding mass density
(potr): Q2 x[0,T] — R,

where 0 C R3 and [0,7] is a time interval. At this point, we define ¢(ti(x,t)) as a complex
function such that .
pa(x, t))

[p(a(x, 1)) = ==,

m

where m denotes the total system mass at rest. We emphasize it seems to be clear that in
the previous book the parametrization of the position field, through the parameter p, is one-
dimensional.

In this work we do not consider the presence of electromagnetic fields.
Anyway, the final expression of the related new action here developed is given by

J(¢p,r,0, F)
Ou; 0 ) .
= [ [ me a2 ot )7 = et ) ax

o 0p Oo*
g / / g oL a% V= | det(d (x, )] dxdt
J

//k( 52+ 65 ) Tl g e, )]

i 2 gk 8F§k 8I‘l P 1l P 1l ./
A Q\qﬁ! A 8ul + TP T, =T8T, | V=g |det(¥ (x,1))| dxdt
J

-/ 0 ( | totat ) =g | det(i (e, )] /e - 1) et 3)

Observe that the action part

T . ! arl
ol o gk [ rh Tl TP T | /=g | det(W(x, )] dxdt
2/0 /QW ! (('%Lj 8uz S ikl S

= J ' 2R /=g | det((x x
= 2 [ 1P R V=G ettt e, )] ax, ®

where

and

l
k P 1l P 1l
+ ij Ui — T T

represents the Riemann curvature tensor, corresponds tho the Hilbert-Einstein one, as specified
in the subsequent sections.
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In the last section, we show how such a formulation may result, as an approximation, the well
known relativistic Klein-Gordon one and the respective Euler-Lagrange equations. We believe
the main results obtained may be extended to more complex mechanical systems, including in
some extent, the quantum mechanics approach.

Finally, about the references, details on the Sobolev Spaces involved may be found in [1, 4].
For standard references in quantum mechanics, we refer to [3, 6, 7] and the non-standard [2].

2 Some Inrodictory topics on vector analysis and Riemannian gemetry

In this section we present some introductory remarks on Riemannian geometry. The results
here developed have been presented in details in [5]. For the sake of completeness, we repeat
some of the proofs.

We start with the definition of surface in R".

Definition 2.1 (Surface in R", the respective tangent space and the dual one). Let D C R™
be an open, bounded, connected set with a reqular (Lipschitzian) boundary denoted by 0D. We
define a m-dimensional C' class surface M C R™, where 1 < m < n, as the range of a function
r: D CR™ — R", where

M ={r(u) : u=(u1,...,uy) € D}

and

r(u) = X;(u)e; + Xo(u)ex + - + X, (u)e,,
where X : D — R is a C class function, Vk € {1,...,n}, and {e1,...,e,} is the canonical
basis of R™.

Let u € D and p = r(u) € M. We also define the tangent space of M at p, denoted by
T,(M), as

T,(M) = {alagi‘ll) bt oy 2@

Do, ..., 0 €E RS
Gum 1, s Um }

We assume

{ or(u)  or(u) }

8U1 ’ ’ 8um

to be a linearly independent set Yu € D.
Finally, we define the dual space to T,,(M), denoted by T,,(M)*, as the set of all continuous
and linear functionals (in fact real functions) defined on T,(M), that is,

Tp(M)*:{f:Tp(M)—HR : f(v)=a-v, for some acR", Vv:viaeTp(M)}.

Theorem 2.2. Let M C R™ be a m-dimensional C' class surface, where
M ={r(u) eR" : ue D CR™}.

Letue D,p=r(u) €D and f € CYM).
Define df : T,,(M) — R by

0 (v) = tim L 2D} +e{v)) — (Teor)({ui}).

e—0 g
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Vv = 8(;8;) € T,(M).
Under such hypotheses,
df € T,(M)*.

Reciprocally, let F' € T,(M)*.
Under such assumption, there exists f € CY(M) such that

F(v) = df(v), ¥v € T,(M).

Proof. Let v =, 3(;5:) € T,(M).
Thus,
) = tim SODUTE e{v;}) — (for)({ui})
A enm) 9%
6Xj 6@6@ !
= Vf(r(u))- v
ST (5)
where
a=Vf(r(u)),

so that df € T,(M)*.
Reciprocally, assume F' € T),(M)*, that is, suppose there exists a € R"™ such that

Vv = agz(:) € T,(M).
Define f: M — R by
fw)=a-w, Yw € M.
In particular,

~

f(r(u)) =a-r(u) = o;X;(u), Vue D.

For p=r(u) € M and v =1, 851(3) € T,(M), we have

o) — i YR+ () - (For)({u)

e—0 e
_ Ofor)(w) X (w)
6Xj Ou; ’

0X;
= Q5 762(:1) V;
= a-v, (6)
Therefore,
F(v) =df(v), Vv e T,(M).
The proof is complete. O

At this point, we present the tangential vector field definition, to be addressed in the subse-
quent results and sections.
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Definition 2.3 (Vector field). Let M C R"™ be a m-dimensional C class surface, where 1 <
m < n. We define the set of C' class tangential vector fields in M, denoted by X (M), as

Or(u)
Bui

X (M) = {X = X2 ) = (1, (01) < p=r(u) € M}} ,

where X; : D — R is a C' class function, Vi € {1,...,m}.
Let f € CY(M) and X € X(M). We define the derivative of f on the direction X at u,
denoted by (X - f)(p), where p=r(u), as

(X)) = df(X(u))
s (For){ui + (X)) - (For)({ui})
e—0 g

_ O(feor)(u)
= TXz(u)- (7)

The next definition is also very important for this work, namely, the connection one.

Definition 2.4 (Connection). Let M C R™ be a m-dimensional C' class surface, where
M ={r(u) eR" : ue D CR"}

and ) R
r(u) = Xi(u)e; + -+ X, (u)e,.

We define an affine connection on M, as a map V : X(M) x X (M) — X (M) such that

1.
VixievZ = fVxZ +gVyZ,

VxY+2)=VxY +VxZ

and

Vx(fY)=(X-f)Y + fVxY,
VXY, Z e X(M), f,g € C®°(M).
About the connection representation, we have the following result.

Theorem 2.5. Let M C R™ be a m-dimensional C' class surface, where
M ={r(u) eR" : ue D CR™}

and
r(u) = X;(u)e; + -+ X, ()e,.

Let V : X(M) x X(M) — X(M) be an affine connection on M. Letu € D, p=r(u) € M and
X,Y € X(M) be such that

X = X;(u) 8;2:) ,
and
¥ = ¥;(u) 2
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Under such hypotheses, we have

m m
» Or(u)
VxY = Z X.YZ*—I-'Z DX Yi | =5, = € T(M), (8)
=1 7,k=1
where F?k are defined through the relations,
or(u) Or(u)
V%L;) our, jk(u) ou;
Proof. Observe that
or(u)
Yy = rw | Y5
Or(u)
= XVow |Y;
Zvaaii) < J 8Uj
Or(u) Or(u) Or(u)
= X; Y X;YiVorw) ——
< 8uz J 8Uj + jv% 8Uj
or(u) Or(u) i Or(u)
- (x Y X.V.Tk
(Zaui j) 8uj + ZJ”&uk
< S i Or(u)
= Z X-Yifz I XY, B, (9)
i=1 7,k=1
The proof is complete. ]

Remark 2.6. If the connection in question is such that

il <5gkz N dgj1 5’9jk)

LD Ouj  Oug oy

such a connection is said to be the Levi-Civita one. In the next lines we assume the concerning
connection is indeed the Levi-Civita one.

We finish this section with the Lie Bracket definition.

Definition 2.7 (Lie bracket). Let M C R"™ be a C' class m-dimensional surface where 1 <
m < n.

Let X,Y € X (M), where X (M) denotes the set of the C®°(M) = NpenCF(M) class vector
fields. We define the Lie bracket of X and Y, denoted by [X,Y] € X(M), by

X Y] = (X -y x)
8ui
where dr(u)
r(u
X=X au,
and 5
y =y, X



Ciéncia e Natura v.40, e58, 2018

3 A relativistic quantum mechanics action

In this section we present a proposal for a relativistic quantum mechanics action.

Let © C R? be an open, bounded, connected set with a C! class boundary denoted by
09Q. Denoting by ¢ the speed of light, in a free volume context, for a C! class function r and
aeWhH2(Q x [0,T];RY), let (ro): Q x [0,T] — R* be a particle position field where

r(a(x,t)) = (ct, X1(u(x,1)), Xz (u(x, 1)), X3(u(x,1))),
with corresponding mass density
(pot): Qx[0,7] - R,

where [0, 7] is a time interval.
We denote 01 : Q x [0,T] — R* point-wise as

u(x,t) = (uo(x,1), u(x, 1)),
where
up(x,t) = ct,
and
u(x,t) = (u1(x,t), us(x,t), us(x,t)),
V(x,t) = ((x1,x2,23),t) € Q x [0,T].

At this point, we recall to have defined ¢(a(x,t)) as a complex function such that

o(atx, )2 = 221,

m

where m denotes the total system mass at rest. Also, we assume ¢ to be a C? class function
and define
dr? = 2dt? — dX;(u(x,1))? — dXo(u(x,1))? — dX3(u(x,1))?,

so that the mass differential will be denoted by

am = PO e (x, )] dx

2
v
1-2

m|p(a(x 2
_ SO DIE = et (@ (x, 1)) dx, (10)

=

where dx = dzydzadrs and 0'(x,t) denotes the Jacobian matrix of the vectorial function a(x, t).

Also, A
g = a;g:)’ vi € {0,1,2,3},
gij = 8i - 8j, Vi,j €{0,1,2,3},
and
g = det{gi;}.
Moreover,

{9} ={gi;} 7"
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3.1 The Kkinetics energy
Observe that

dr(q) dr(a
2,2 _ )
c v it dt
_ [ 0r(a) Oy, Or(a) du;
a 8u1 875 8uj 8t
__Or(a) Or(a)0du; Ouy
a 8u1 (‘)uj 8t 8t
—gijaait], (11)
where the product in question is generically given by
3
Yy 2= —Yyozo + Zyizi, Vy = (Y0, 91, 2,93), % = (20, 21, 22, 23) € R*
i=1
and
o (X (ux 1) 2 L ((AXa(u(xt) 2 L (AXs(u(xt) 2
B dt dt dt '
The semi-classical kinetics energy differential is given by
dr(a) dr(a)
dE. 2 d dm
dr\?
= —(—] d
() o
= —(c® —v?) dm, (12)
so that
(c® —v?) NP o
dE. = —m = —— [p(Q)|" v/—g [det(¥'(x,1))| dx
-
C

= w1 Y 1@ VG |det(& (x.1)) | dx
— me VE = (@) /=g | det(d (x, )] dx

ou; Ou; R R
= ey =g S 6@ V=g | det(d (x, 1)) dx. (13)

and thus, the semi-classical kinetics energy E. is given by

T
E— [ [ dE.at
0 Jo

T . .
o= [ [mey- O 043 | @) /=g | det (i (x, )] dix dt.
0 Q

that is,

94 5t ot
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3.2 The energy part relating the curvature and wave function

At this point we define an energy part, related to the Riemann curvature tensor, denoted
by E,, where

T
E, - ;/ /ngkRjk,/—_g | det (i (x, 1))| dx dt.
0

and

Rji, = Re[Rj; ()]

Also, generically Re[z] denotes the real part of z € C and R 5(¢) is such that

)

L or(d) L Or(q)
V(som@) Ve (¢ au,) N (¢ Dur
LOor(m) Or(a)

More specifically, we have

L or(a)
Ve Vs (950
B %81'(&) « o Or(a)
o v(¢> 657(2)) <8u] 8uk +¢ ij 8ul
0%¢*  Or(q) 0™ Or(u)
= e
(b(‘)uiauj Ouy, +¢8uj & Ouy,
(') on(ar)
ou; ouy
or(a
#lof iy 1
B 0% Or(u) d¢* _; Or(ua)
N (b auzﬁ)u] 5kl 8ul (b(‘)uj Fik 8ul
a(¢*ré'k) Jr(u)
+¢ é)uz 8ul

+¢

Oor(ua
+of? 17, 14, 2 (15)
and similarly
\ ar(a) Vor@) (Qb*ar(u))
(¢ Buj ) Ou; 8uk
B 0% or(a) 0¢* ,; Or(ua)
N ¢ aulau] 5kl aul ¢8ul ij 8ul
(¢*TL.) or(a)
+¢ Ou; oy
or(a
+|p? TY, T, @) (16)

ouy
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Moreover,
. Or (1)
V[aﬁ"’;;?‘),"’gf)] ()
_ L Or(1)
_ Or(a)
- ‘V(%%Lg) <¢ )
I L Or (1)
N 8Ujvac’l;q(:) (¢ 3uk )
00 0 o) 06 o Or(a)
8Uj 8uz auk 8u] gv(:) auk
00 00 e 00y 0r(E)
© Ouj Ou; Oup  Ouy oy
¢ 0¢* or(a) 09¢ .., Or(a)
= —— — — ¢'T; . 1
Ouj Ou; "o ou; "L Ouy (17)
Thus,
Ri(¢) = ¢aul§u] O+ ¢ 5 ¢ k+¢ Z]k +[¢|* T, T,
0¢ 8¢* 8d>
+8uj Ou; Ok + ¢ (18)
Simplifying this last result, we obtain
9ty 0T agt AT
Ri(¢) = ¢8 Fk+¢T—¢ o, T, — ¢ ou,
¢ 0¢* 0
+|¢’2 (F?k Pép —Ifk Pé-p> 3¢ 8?; Okl + ¢ (Z)
U
', orl,
(o,
00 05" P
Tou; 00T gy, 0T
= ’¢| szk
d¢p 0¢*
o Gt e O The a9
J
where or l
. I ar
l k i l l
R = 6; 6%% + I8 Ty, =I5 T,
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represents the Riemann curvature tensor.
At this point, we recall to have defined this energy part by

T
- %/ / R V=g |det(W'(x, t))| dxdt,
0 Jo
where '
R = g¢"" Ry,
and as above indicated, Rjj, = Re[Rézk((ﬁ)]

Hence the final expression for the energy (action) is given by

J(¢7r7ﬁ7E) = _E +E

/ </ I6(i(x, )2 V=7 | det(u (x,t))|dx/c—1> cdt, (20)

where E(t) is a Lagrange multiplier related to the total mass constraint.
More explicitly, the final action (the generalized Einstein-Hilbert one), would be given by

J(¢,r, 1, E)
/ / me =0 T8 i, )7 /g | det(@ (x,1))| dx di
/ / " aaqi 00 =5 | det(& (x, 1)) s
/ / * < ¢8¢*> Iy V=g | det(W(x,1))| dxdt

l

//W o i PTL TP T | V=g |det(d(x,1))| dxdt
8u] 8ul jk = tp ’

/ (/ 6(a(x, 1))[2 V=g | det (@ (x,t))\dx/c—l) ct. (21)

Where ~ is an appropriate positive constant to be specified.

4 Obtaining the relativistic Klein- Gordon equation

as an approximation of te previus action

In particular for the special case in which

r(ua(x,t)) = a(x,t) = (ct,x),
so that
dr(a(x,t))

~ (¢,0,0,0
dt (Cuau)u



Botelho : A variational formulation for relativistic mechanics based on Riemannian geometry

and its application to the quantum mechanics context

we would obtain
go ~ (1,0,0,0), g1 ~ (0,1,0,0), g2 ~ (0,0,1,0) and g3 ~ (0,0,0,1) € R*,

and T}, = 0, Vi, j,k € {0,1,2,3}.
Therefore, denoting ¢(a(x,t)) ~ ¢(ct,x) simply by a not relabeled ¢(x,t), we may obtain

1 0¢p(x,t) 0¢*(x,t
Bife = //(CQ‘Z’X o

+Z 9p(x, 1) 8¢* * t>> dxdt, (22)

8$k Tk

and

T T
Ec/c:ch/0 /Q]<Z>|2\/1—1)2/02 V—g| det(d'(x,t))| dx dt/czch/O /Q]<Z>(x,t)|2 dxdt.

Hence, we would also obtain

. N 1 0¢p(x,t) 0¢*(x, 1)
J(p,r,0,FE)/c = 3 (/ / 2 o o dxdt

+Z// 8¢8;<kt %*S; 1) dth)
Fme? /0 | 1ot axa
_ATE@<LJMXQRK—J>dt (23)

The Euler Lagrange equations for such an energy are given by

1 26(x,1) o= 020(x,
2 <02 ot? ; O3
+mcp(x,t) — B(t)p(x,t) = 0, in €, (24)

2

where we assume the space of admissible functions is given by C1(Q2x [0, T; C) with the following
time and spatial boundary conditions,

¢(X,0) = (Z)O(x)v in €,
QZS(X,T) = gbl(X), in €,
o(x,t) =0, on 9 x [0,T].

Equation (24) is the relativistic Klein-Gordon one.
For E(t) = E € R (not time dependent) at thls point we suggest a solution (and implicitly
related time boundary conditions) ¢(x,t) = o ¢2( ), where

¢2(x) =0, on 0N.
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Therefore, replacing this solution into equation (24), we would obtain

: it
(% <_62h2¢ Z g ) —l—mc2¢2(x) — E¢2(X)> B_ZT =0,

=1 YTk

in €.
Denoting

where F; is such that

[ o2t ax = 1.
Q

Moreover, from (24), such a solution ¢(x,t) = 67%¢2(X) is also such that

v [(182(x,t) = B2(x, 1)
5(?2 o 2 oz}
k=1
Op(x,1)
ot ’

+mcp(x,t) = ih n Q. (25)

At this point, we recall that in quantum mechanics,
v = h?/m.

Finally, we remark this last equation (25) is a kind of relativistic Schrodinger-Klein-Gordon
equation.

This work proposes an action (energy) suitable for the relativistic quantum mechanics con-
text. The Riemann tensor represents an important part of the action in question, but now
including the density distribution of mass in its expression. In the last section, we obtain
the relativistic Klein-Gordon equation as an aproximation of the main action, under specific
properly described conditions.

We believe the results obtained may be applied to more general models, such as those
involving atoms and molecules subject to the presence of electromagnetic fields.

Anyway, we postpone the development of such studies for a future research.
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