
Ciência e Natura, Santa Maria, 15: 17-34,1993. 17
EXPONENTIAL DECAY OF SOLUTIONS OF A SEMILINEAR LIPSCHITZ

PERTURBA TION OF KIRCHHOFF-CARRIER WAVE EQUATION

Eleni Bisognin

Departamento de Matemática - Centro de Ciências Naturais e Exatas

UFSM - Santa Maria, RS

SUMMARY

In this work we study the existence of global solutions and exponential decay of energy of the

mixed problem for perturbed Kirchhoff -Carrier wave equation

u" - M(a(u».1. u + F(u) + Y u' = f

where F is a Lipschitz function

RESUMO

Neste trabalho estuda-se a existência de solução global e o decaimento exponencial da solução

do problema misto para a equação perturbada de Kirchhoff - Carrier

u"-M(a(u).1. u+F(u)+yu'=f

onde F é uma função Lipschitziana

INTRODUCTION

Let n be a bounded open domain in \nn with smooth boundary r, Let F:\n-t \n be a real

nondecreasing Lipschitz function with F(O) = O,

We consider the initial boundary value problem for Kirchhoff operator

lKu+F(U)+YU'=f in n x[O,.:x>[

(I) u=O on r s [O,oo[
u(x,O) = uo(x), ,t'{x,O) = u,(x) in n.

where
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is the Kirchhoff's operator , M is a Lipschitz continuons function , M(s) ~ mo } O for ali s e9t, and

y } O is a given constant.

The problem (I) has its origin in the mathematical description of the spatial vibrations of an

elastic streched string when we supposse the tension, in each point, has only vertical component cf

Kirchhoff[8] and Carrier [5].

The mathematical formulation ofthis model is

where M (s) is a real function defined on the positive real numbers s ~ o.
There are a large number of results related to model (2). When n = I we have the work of

Bemstein (3]. He obtained global existence of solution of (2) considering M(s) ~ li" } O. In [18]

Pohozaev proved that problem J2) has global solution if we take li,,, li, and F analitic. In [2]

Arosio-Spagnolo, [9] Lions, [I] Arosio-Garavaldi the authors have proved global existence of

solution of(2). In [2] and [9] mo, m, are chosen in a regular c1ass offunctions.

If the equation (2) is perturbed with the term -Il ell there exist results on global solution in ta
cf. Nishiara (16] and Yamada (19]. In (11] Medeiros - Milla Miranda have proved the existence of

global solution and exponential decay considering the damping (-Il)' e11 , O( a::; I.a
In [7] Hosoya - Yamada considered a nonlinear perturbation of Kirchhoff operator of the

following type:

lKII+IIIIPII+YII·=f on Q=n x[O,:x:[

(3) 11=0 on I=fx[O,x>[

II(X,O) = 1I0(X) , l/(X,O) = II,(X) in n

where KII is the Kirchhoff operator.

Considering the perturbation IlIr 11and linear damping Y li, the authors proved the existence of

global solution of (3) and studied decay properties, when some smalness condition on 11", li, are

considered.
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Motived by Hosoya - Yamada work's we consider problem (I) in the case that F: 9t --+ 9t is a

Lipschitz function. In our previus work we have proved that when y = O, problem (1) has local

solution. Our interest now is to obtain global solution of (I) when y > O, and the decay of energy

putting some smalness conditions oninitial data li" and li,.

2. NOTATION

We consider Q a regular bou.zíed open set in ~Hn,with boundary r of c1ass C2

By H' (Q) we represent the Sobolev space with the inner product

((11,,,))= III'dx+ I'I1l1·'I11'dx

" "
and norm

111111' = f 1I'<lr+ fl'l1l1l' dx

" "

By H.',(O) "e represem lhe closure of D(O) in H' (O). In H,',(Q) we considere lhe Dirichlet

bilinear form

a(II,I-)= I'I1I1.'I11-dt
o

wich is a inner product, and in H I (O) we consider lhe equivalem norm

111111' = fl'l1l1l' <Ir
o

By the same way we define lhe Sobolev space H'(Q), and prove that the norms of

H~(O)r> H' (O) and that defined by the Laplace operator are equivalents. See the references Lions-

Magenes [10) and Mizohata [13).

3- GLOBAL EXISTENCE OF SOLUTIONS

We suppose that F:9t --+ ~Hsatisties lhe following conditions:

(3.1) F is a nondecreasing Lipschitz function with F (O) = O.

We suppose in addition that

(3.2) M is a Lipschitz function, M(s) ~ mo ) O.

(3.3) "o E H~(O)r>H'(Q), li, E H~(Q),f EL'(O,x:; H~(Q) r>L'(O,x:;L'(Q»

We have the following result.
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THEOREM 3.1. Under assumptions (3.1) - (3.3), there exists a positive constant Co such that if

"0,1I1,f satisfies

lâ 1I01+IV 1111+flV f'r!t (C.
o

then there exists a unique function 11in the c1ass

(3.4) 11 E C([O,x[;H~(Q»)nCw([O,oo[;H~(Q)nH'(Q»)

(3.5) 11 EC([O,x[;L'(Q»)n Cw([O,oo[;H~(Q»)

(3.6) 11 EL'([O,x[;L'(Q»)

such that

(3.7) 11(0) = "0' ,/(0) = "i' and

(3.8)1I"-M(a(II»)âll+F(II)+YII'=f a.e.in Q [O,x[

PROOF - We consider the eigenvalue problem

We have that li' EH~(Q)nH'(Q) and we take (w) . orthonormalized in L'(Q). Then
J J J ~ x

(li') . is a complete orthonormal system in L'(Q).
J } 0::::\

Denote by Vm the subspace of H~(Q) n H' (Q) generated by the first m eigenvectors

(wJ i, e,

(3.10) "m(0)=1I0m--+10 in H~(Q)nH'(Q).

(3.11) U~(O)=lIlm --+111 in H~(Q).

The system (3.9) with initial conditions (3.10) and (3.11) has local solution on [O, lm[' The

extention to [O,T[ is consequence of the first estimate.

ESTIMA TE (i) - Let us consider v = 211~(t) in (3.9) we obstain
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(3.12) ~1"~(t)I'+ M(a(II.(t»))~a(II.(t)) + 2JF(II (I») li· (/)dx +

dt dI" • •

+ 2rl"~(t)I'= 2(j(t), 1I~(t))

,
lfG is a primitive ofF, that is G(I..) = JF(s)ds we have

o

~G(II.(/») = F(II.(t»)II· (I)
dt •

Also, if M(I..) is a primitive ofM, it follows that

~ M(a(II.(/»)) = M(a(II.(t)))~a(II.(/))
dt dt

Modifying (3.12) we obtain

where y ) O is a constant.

Integrating (3.14) from Oto I ( I. we get.

(3.14) 1"~(t)I'+ M(a(II.(t)))+ 2JG(II.(t))dx + r ÍIII~(s)l'dS s
" o

sl"I.I' + M(a(lIo.)) +2 JG(lIo.)dx+.!.flf(S)tds
" ro

By(3.10) "0.-tllo in H~(Q)nH'(Q).

There exists a sus sequence (lIoJ. eN such that "0.-t "0 a. e in Q.Then G "0. converge to

G "0 a. e in Q. Since F is a Lipschitz function we have

I I IJ.· •. <X) ,J J. ••. <X) ,

G(lIo.(X») = o F(s)dJI s o F(s).F(O) ds s CI"o.(x)l-

By Lebesgue Dominated convergence Theorem we get

JIG(lIo.(x»)jdx -t JIG(uo(x»)jdx

" "
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By the same argument

It follows that

~ 1

I"IJ+M(a{uoJ)+2f G{lIom(X») dr+!.. flf(s)1 ds is bounded independent ofm. Representing by
Cl Yo

C a constant such that

(3.15) 1"lml' + M(a{lIúm))+2 f G{Uo.(x») dr+!.. Ílf(sidS ( C
Cl Yo

wehave

(3.16) Iu~(t>l' + M(a{um(t»)) + 2 f G{um(t») dx + YÍlu~(sl ds ( C
Cl o

for ali P-.O

By assumption (3.1) we have that f G{Um(I») dx ~ o.
Cl. ( ( )) 1.•··(1» ()A1so, M a um(t) = o M(s) ds ~ mo a IIm(t) .

From (3.16) we obtain the estimate (i),

(3.17) lu~(t)I' +IV II••(I)I'(CI for all r z D.

ESTIMATE (ii) - Taking v = -t;. II~(/) in (3.9) we have

(3.18) !..~Iv u. (/)1' + M(a{II ••(t»))~It;. u••(I)I' + JV II~(/)I's
2 dt • dt ri

:5-(F{u.(/»), - t;. 11•• (/») +(j(I), - t;. II~(/»)

Wehavethat

We modify (3.19) obtaining
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(3.19) ~ [I(VII~(t)~' + M(a{u.(t»))ldll.(t)I' J+2 ~VII~(t)I' s

:!>2 M·(a(II.(t»))IVII.(t)I'IVu~(t)lldll.(t)I' +

+ 21(V F (1I.(t»);dll~(t»)1+21(Vf(t),VII~(t»)1

The second member is estimated by

where M, = maxÜM· (i..)I, O:!>À.:!>C,} and IV 11.(1)1 ( C, by estimate (i)

Since F is a Lipschitz function

Wehavealso

Idlll~JT,IVIII forall 11 E H~(n)r.H'(n),

where À.I is the least eigenvalue of =ô:

Therefore

where y > Ois an arbitrary constant.

Substituting (3.20) and (3.21) in to (3.19) we obtain

Taking v = -d ".(t) in (3.9) we obtain

(3.23) (V u:(t), VII.(t)) + M(a(u.(t»))ldll.(t)I' +

+ (F(II.(t»), -dll.(t)) + r(VII~(t), VII.(t)) = (Vf(t), VII.(t»)
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Wehave

and by hipothesis (3.1)

(325) (F(IIM(t)). -~IIM(/») =(V Fk(t)). Vllm(t)) =
= (F(IIM(t))~IIM(/). Vllm(t))= jnllm(t))IVllm(t)I'dx ? O

o

From (3.23) and using (3.24). (3.25) and (3.2) we have

(3.26) ~[(VII~(t). Vllm(t))+fIVII~(t)I'] + m(,I~lIm(t)I' ~

s IVII~(t)I' +IVf(t)IIVllm(t)1

Multiplying (3.26) by y and adding (3.22) we obtain

(3.27)~[IVII~(t)I' + M(ak(t)))I~lIm(t)I' + y{VII~(t). Vllm(t») + ~' IVllm(t)I']+

lIorl~lIm(t)I' + 1'.IvlI~(t)I' ~ 2M,qVII~,(t)II~lIm(t)I' + C; 1~1I~(t)I' +
2 2y

+ IVf(t)I[2IVII~(t)1 + IVllm(t)1]
,
I

We define

(3.28) H(II(/») = IVII (t)I' + M(a(II(t»)) 1~1I(t)I' + y{ VII (t). VII(/») + ~' IVII(t)I'

then from (3.27) it follows

(3.29) ~Hk(t)) + 1'.IVII~(t)I' + [IIOY - C; - 2 MICIIVII~(t)I] 1~lIm(t)I' s
dt 2 2y

~ IVf(t)I[ 2IVII~(t)1 + IVllm(t)I]

f ) C h C; )I Y --- I en moy - ~ O..;zm; 2y

Furthennore

y{VII~(t). VIIM(/»)? -~IVlI~(t)I' - ~ IVIIM(t)I'

then
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(3.30) H(II~(t)) ~ IVII~(t)I' + lIolllll~(t)I'

Sincelllll(t)1 ~ F.IVII(t)1 for all n E H~(n)nH'(n)

we have

(3.31) H(II~(t») s IVII~(t)I' + Molllll.(t)I' + ~vII~(t)llvlI.(t)1 +

+ ç IVII(/)I' ~ %lvII~(t)I' + (MO + ~', }~1I~(/)1'

where

Mo = max{jM(À.)I, O s À.s C,}

We define

then from (3.30) and (3.31) there exist constants C, ) O and C-, ) O, independent ofm, such that

Inequality (3.32) allows us to deduce a priori estimates for E' e.(t)g

We take II,~ satisfying

C IV I 1 ( C;) ) C,(3.33) 2M, , II,~ s - "oy-~, Y ~
4 2y v2mo

We will show that

I . I I( C;)(3.34) 2M,C, VII.(t) ~ - vsr :'::
2 2y

for all O S t s :x:, putting some additional conditions on {lIo~' 1I,~, f} .

Suppose that there exists ç > O, such that (3.34) holds for O s t ( ç, and
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(3.35) 2M,C,IVII'wl = HIIOY- ~~). Y) $;:

From (3.29) and using (3.30) and (3.31) we have

for Os t se" with C, ) O and J3 ) O constants.

Rewrite this dilferential inequality, we obtaim

Solving (3.37) it results

(3.38) Hk(/»)" S H(lIm(O»)"e-">' + C,IeP"HlIVf(s)lds S

S H(lIm(O»)" + C,JJVf(s)lds

forOS/Se,

From (3.38) and (3.32) it follous

where H, = H(lIm(O»)" + C,fo"'IVf(s)lds

We make H, sufficiently small so that

I( C;)(3.40) 2M,C,Ho S - lIoY-~ ,2 2y
y) C,.p;;;:

holds.

From (3.39) it follows that

I . I 1(C;) C22M,C, Vu (Ç) ( - moy-~, y) --
2 2y .p;;;:
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which contradicts to (3.35). Therefore we conc\ude that (3.34) is valid for H, sufficiently small.

Ifm is sufficiently large and 1&/01, IVI/,I and IVfIL'(o.7Y.L'IO)) are sufficiently small we have that

(3.40) and (3.33) are valid.

From (3.34) we conclude that

(3.41) E' I/m(t)g C. for ali I <: O, or

From (3.29), (334) and lôu(I)1 <: F,IVu(I)1 for ali U E H~,(O)" H' (O) we obtain

Using (3.41) weget

(3.43) ~Hk(t)) + rIVu~(t)I' + .!.(uor- C;) 1&lm(t)I' S C,IVf(t)1
dt 2 2 2r

for r} ~
,,2mo

Integrating (3.43) from Oto I, it follows

( ) rl'l . I' I( C;)I' ,(3.44) H I/m(t) + 2" o Vum(s) ds + 2" mor- Ú .lôum(s)l- ds S

S H(um(O») + C, J~IVf(s}jds s C, for ali I <: O, C, } O a constant.

From (3.44) we obtain the estimate

ESTIMA TE (iii) - Taking v = 1/:(1) in (3.9) we obtain

1":(1)1' - M(a(um(I))) (ÔI/m(t), 1/:(1)) + (F(I/m(t»), 1/:(1)) +

+ y(1/~(/), 1/:(1)) = (f(I), u:(t»)
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or

where

Mo = {lM(À.)I; °~À.s C,}.

Since F is a Lipschitz function we have

then

J;!":(s)l'ds s M~J)~lIm(s)l'ds + CJ;!Vllm(s)l'ds + y' JJu~(s)l'ds + J;!f(s)l'ds
Using estimate (i), (ii) and f E L' (O, 00; L' (O») it results

(3.45) J}~(s)l'ds (CIO for ali I 2: 0, c, )°

From estimates (i), (ii), (iii) we obtain

(3.46) (IIJ, <I<bounded in L~(O, T; H~(O)r>H'(O»)

(3.47) (IIJ,.N bounded in e(o, T; H~(O»)

(3.48) (IIJ,.S boundedin L~(O, T; H~(O»)

(3.49) (IIJ bounded in L~ (O, T; L' (O»)
., EN

(3.50) (IIJ bounded in L'(O, T; L'(O»)
, • N

From (3.46) and (3.47) and by Aubin-Lions Compactness Theorem exists a subsequence, still

represented by (IIJ, E N.such that

(3.51) "m --+ 11 strongly in L'(O, T; H~(O»)

Using the same arguments and continuous injections H~(O) C L'(O) C W'(O) with the

imbedding from H~(O) into L' (O) compact we obtain

(3.52) ".--+" stronglyin L'(O, T; L'(O»).
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Then

Since ". -t u strongly in L'(O, T; H~(n») we conclude that

(3.53) F{IIJ -t F(II) strongly in LI(O, T)

From (3.50) we have

(3.54)u~-tu· weaklyinL'(O, T; L'(n»).

Then from (3.10)

rT
(II~(S), v) t;Xs)ds + rT

M(a{um(s»)) a(u~(s), v) t;Xs)ds + rT F(,'- (s), v) t;Xs)ds +Jo Jo Jom

+ rio' (u~(s), v) t;Xs)ds = 10'(j(s), v) t;Xs)ds

for ali v E H~(n) and B E 0(0, T)

Taking the limit when m -t 00 we have

f (II~(S), v) t;Xs)ds + f M(a{lIm(S»)) a{u(s), v) t;Xs)ds + 10'F{u(s), v) t;Xs)ds +

+ rf(lI(s), v) t;Xs)ds = f(j(S), v) t;Xs)ds

or

f(u' -M{a(u»)~u+F(II)+r li, <P)dsdx= ff(s) <P ds dx for ali <P E O(Q).
Q Q

By Ou Bois Raymond Lemma

11' - M{a(II»)~1I + F(II) + r ,i = f a. e. in Q.

As a consequence of estimates (i) , (ii) and (iii) we have
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U E e(o, T; H~(n)"H'(n»)

(3.35) ,i E e(o, T; H~(n»)

,/ E L'(O, T; L'(n»)

therefore the regularity properties (3.4), (3.5) and (3.6) are consequence of(3.55).

Finally by (3.4) and (3.5) we have 11(0) = "0' ,i (O) = ""

UNIQUENESS - The uniqueness of solution follows using regularity properties (3.4), (3.5), (3.6)

and F Lipshitz.

4- ASYMPTOTIC BEDA VIOUR

On this section we obtain information on the behaviour of the energy associated 10 problem (I)

when I goes 10 oo

THEOREM - 4.1 - If m is the solution oftheorem 3.1 them there exist constants (DO and C>O such

that

for ali I ~ O, where

(42) E(II(/») = lu(/)I' + M(a(u(I))) + 2J G(u(t»)dx
o

If

(4.3) E"(u(/») = IVIi (/)1' +16u(l)l'

then there exist positive constants p and C such that

(4.5) lim E(u(t») = lim E" (1I(t») = O
, ...• .., 1-+<1:1

PROOF - Let IIm(/) defined by (3.9) - (3.11). Taking ,,= IIm(/) in (3.9) we obtain
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We define

(4.7) S(II(I») = E(II(I)) + {2(1I(1), 11(1))+ yjll(I)I']

where r is a positive number to be determined.

We have

By (3.13) we have

(4.9) ~E(II.(/») + 2+~(/)1' = 2(/(/), II~(I))
dt

Multiplying (4.6 ) by 2<, adding (4.9) and observing that s F(s) ~ G(s) ~ O where

G(I..) = J)'(S)dS it follows

(4.10) ~S(lIm(l)) + 2(y- T) I"~(I)I' + 2 TIIolv IIm(l)I' + 2<J G(II.(I))dx sm o

s 21/(1)1 [I"~(I)I + ~1I.(t)ll

From (4.7) using Poincaré inequality for "0 E H~(Q) and observing that Ma 8.(1) is

uniforrnly bounded on O, 00 , there exists a constant , O such that

On the other hand

then, choosing, t = J...., we have
2
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(4.12) S(II.(I)) ~ (I-~ }~(I)I'+ lIolV 11.(/)1' + 2!G(II.(/»)dx ~

~ K,[III~(/)I'+ IV 11.(1)1' + 2!G(II.(I))dx ]

Hence, from (4.11) and (4.12) we obtain

(4.13) K, E(II.(I)) $ s(1I.(I)) $ K, Ek(l))

and from (4.10),

(4.14) ~S(II.(/») + 2aYs(II.(I)) s 2K.If(/)1 S(II.(I))" with some constants a > O anc
dt

K. ) O.

Solving the differential inequality (4.14) it follows

Since (4.13) and (4.15) we obtain

Taking the limit when m~ ~ the same manner as in Theorem 3.1, results

We also have that

then there exists constants 13 > Oand C- ) O such that

(4.18) E'(II.(/») s C- [E'(II.(O»)Y.e-"" + f: ear(H)IV f(s)ldsJ

When m ~ Xl we obtain
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Since f E I.J(O, T; H~(n»)n L'(O, T; L'(n») by Lebesgue Convergence Theorem it follows

lim r'ear<'-'>i!(s)lds = O
t -+aoJo

lim r'el'YU-Olv f(s)lds = o
t -+«"Jo

therefore

!~ E(II(I)) = !~ E'(II(t») = o
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