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Multiplicidade de solugdes para uma classe de problemas quaselineares criticos em

RN envolvendo funcao peso com mudanga de sinal
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Abstract

In this paper, existence and multiplicity results to the following quasilinear critical problem
—Apu = Af(x)|u|T L+ [ulP"7Y, in RN
0 < u e DVP(RN)

are established, where A > 0,1 < g < p, with2 < p < N, p* = NN—_pp and the weight function f, among other conditions, can

possibly change sign in RN. The study is based on comparison of Palais-Smale critical levels in Nehari manifold.

Keywords: Quasilinear elliptic equations,unbounded domains, multiple solutions, critical Sobolev exponent, sign-changing
weight function.

Abstract

Neste artigo, resultados de existéncia e multiplicidade de solugdes para o seguinte problema quaselinear critico

—Apu = Af(x)[u|Tt+[uP""t,  em RN
0 < ue DV (RN)

serdo estabelecidos, onde A > 0,1 < g < p,com2 < p <N, p* = NN—fp e a fungdo peso f, além de outras condigdes, pode

possivelmente mudar de sinal em RN. O estudo é baseado na comparagio dos niveis criticos de Palais-Smale na variedade de
Nehari.
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1 Introduction

multiplicity of solutions for the following quasilinear-

In this paper, we are concerned with the existence and|
critical problem:

—Apu = Af()[ulTt w1, in RN 1
0 < uecDW(RN)
where A > 0,1 <qg<pwith2 <p <N, p* =g P and

-P
the weight function f satisfies the following cond1t1ons.

(H) f = fo+ f- (fo=maxif,0}, f-=min{f,0}) isa
measurable function, locally bounded on RN\ {0},
with 0 # f; € C(RN\{0}) and

lx| =0
as |x| — oo,

for any a, b verifying

N "
<ﬁ(q—P)<b

Similar assumption was already used by Egnell (1988),

Noussair et al. (1993) and by Szulkin e Willem (1998).
The necessity of such growth conditions for a class of
quasilinear elliptic problems was established in order to
get a compactness condition. On the other hand, ellip-
tic problems involving critical Sobolev exponents were
studied, first, by Brezis e Nirenberg (1983).

Existence and multiplicity of solutions for quasilinear
elliptic equations with nonlinearities concave convex in
bounded domains are widely studied. For example, the
problem

—Apu = AMulT 4 ul7l in Q
u > 0, in Q (Exp)
u = 0, on dQ),

where 1 < g < p < s < p* has been studied, for instance,
by Ambrosetti et al. (1994). In that paper the authors
have proved the existence of A¢g > 0 such that problem
(Ej2), this is, problem (E, ,) with p = 2, admits at least
two positive solutions for A € (0,Ag), has one positive
solution for A = Ay and no positive solution exists for
A > Ap. Garcia Azorero e Peral Alonso (1994) studied
(Erp) considering I\%i\-]z < p < N and s = p*. They
proved, 1ncase N+2 <p<3andl<g<porp>3
and p* — ﬁ < g < p, the existence of Ay > 0 such that

problem (E, ;) admits at least two positive solutions for
A € (0,Ap). Huang (1998) extended, only for 2 < p < N,
the results of Garcia Azorero e Peral Alonso (1994) in
the sense that its results are valid for any 1 < g < p. Wu
(2008), considered problem (1) with p = 2 in a bounded
domain Q) C RN, under the assumption that f € C(Q),

with f4 # 0. He obtained, using variational methods on
the Nehari manifold, the existence of Ay > 0 such that
problem (1), with p = 2, admits at least two positive
solutions for A € (0,Ap). For more general results in
bounded domains see e.g. the papers by Ambrosetti et al.
(1996); Birindelli e Demengel (2004); Pacella et al. (1997)
de Figueiredo et al. (2006); Silva e Xavier (2003); Azore
ro et al. (2000) and their references.

In whole space, Ambrosetti et al. (2000), among other
results, have also proved via variational methods, the
existence of a positive constant Ay such that problem (1),
with p = 2, admits at least two non-negative solutions
for A € (0,Ag), under the hypothesis that the function
f e L'RN)ynL®MRN) and fy # O
Silva e Soares (2001), under assumption that f € C(RN)

and fy € LF’ =1 (RN) with f; # 0, have established, be-
yond others results, the existence of positive constant
Ao such that problem (1) admits at least a nontrivial
solution for A € (0,Ag), for 1 < p?> < N and such
that max{p* — -£5} < g < p. Alves (1997) has con-

sidered problem (1) under the assumption that f is a

non-negative function with f € Lt (RN). Actually,
using the Ekeland variational principle and the moun-
tain pass Theorem, he showed the existence of Ay > 0
such that problem (1) admits at least two solutions for
all A € (0,Ag). For more general related results for un-
bounded domains we would like to mention the papers
Gongalves e Miyagaki (1998); Cerami et al. (2007); Miya-
gaki (2005); Drabek e Huang (1997) and their references.
Our result is the following;:

Theorem 1.1. Suppose that f is a measurable function in
RN satisfying (H). Then there exists a positive constant
A = A(q,p,f,N) such that for all A € (0, A) problem (1)
has at least two nontrivial solutions.

Remark 1.1. Our result still holds replacing the hypothesis
(H) by a following more general behavior on f:

(H') Suppose that f is a measurable function in RN satisfies:

f = fi+ f is locally bounded on RN\E, with
0 # fy € C(RN\E), where E = {y,} C RN and

o(|x|b”), as

o(|x|"), as
for any a, by, verifying

x| = yn
|x] — oo,

) = {

N
a< 2—*(«1—2*) <b, n=1,2..

Then, the same conclusion as in Theorem 1.1 holds.

The aim of the our work is to extend the results
mentioned above for whole space and/or to a class
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of elliptic problems involving weights functions that
can possibly change sign. For example, the function
fx) = =|x[Pxa(|x]) + [x|"Nxs(|x[), where A = (0,1)
and B = (2,00) satisfies the hypothesis (H), but nei-
ther f > O nor f € LY (RN) N L®(RN) or f € C(RN),
conditions these had been assumed in Alves (1997),
Ambrosetti et al. (2000) and Wu (2008) respectively. The
author in Miotto (2010) treated problem (1) with p = 2,
combining techniques used by Tarantello (1992) and
Ambrosetti et al. (2000) (see also Brown e Zhang (2003)
and Wu (2008)). For p > 2, the same arguments used
above in Miotto (2010) does not work any longer in di-
rect way, mainly in the proof of the estimates of the
critical level, due to lack of regularity of solutions. In
order to get such estimative, we will show that the solu-

tions of problem (1) belong in C}(;Z(]RN \{0}). Then, in
this situation, adapting same arguments used in Jianfu
(1995) (see also Huang (1998)) we were able to overcome
these difficulties.

This paper is organized as follows. In Section 2, we
give some notation and technical results. In Section 3,
we establish the existence of nontrivial solution of (1),
as well as its regularity. In Section 4, we prove some
estimates concerning the energy levels in order to ensure
the existence of a second solution for problem (1).

2 Preliminary Results

We will consider D = D#(IRN), the closure of C§° with
respect to the norm given by

1
ull = (/ |w|f’dx)”.
]RN

Our notation for the norm in Lebesgue space L’ (RYN) is
ullf, = / ul'dx, 1< r < oo,
RN

We also put,

Y B
=in 7— u € D\{0} ;.
||uHLp*

Since the proof of our result is based on variational
methods, we consider the functional associated to (1)
namely,

1 A 1 .
) = el =5 [ fluttdx 2 [l dx,

for all u € D. It follows from (H) that I, € C!(D,R)
with Gateaux derivative I} () at each u € D given by

<L (u),p >= [pn |VulP"2VuVedx
—)\fRNf|u|q’2uq)dx —f]RN|u|P*’2u(pdx,
for all ¢ € D. Therefore, the critical points of I, are pre-

cisely the (weak) solutions of (1). Still from hypothesis
(H), there exists C¢ > 0 such that

q
‘/]RNfu| dx

forallu € D.
Now we will cite some relevant facts for the study of
problem (1).

< Cellul, @)

Remark 2.1. i) Let ¢ € R. A sequence (u,) C D
such that Iy(u,) — c and I\(u,) — 0 is called
(PS).—sequence for Iy. A number ¢ € R is a
(PS)—value for I if there exists a (PS)—sequence

for I).
ii) Any (PS).—sequence for I, (1), is bounded.

Indeed,
o el = p o) = (1))

A [ flu|dx,

then, we have for (2)

N’i < O |+ a1 ),

for some C > 0, showing that (uy) is bounded.

iii) If (uy) is a (PS).—sequence for I then (|uy|) is also
(PS).—sequence for I.
Indeed, we have that < I (|un|),@ >=< I} (un),p >,
forall ¢ € D and I)(|uu|) = Iy (un) — c.

iv) In what follows, we will assume, by eventually passing
to a subsequences if necessary, that the (PS).—sequence
for I, (uy) satisfies the following conditions

up >0 aein RN, u, — u weakly in D,

Uy > u aein RN, 14 >0 aein RN,

Since the functional I, is not bounded from bellow
in D, for A > 0, we consider the Nehari manifold

My = {u € D\{0} :< I} (u),u >= 0},

and

w = inf (L),

We recall that any nonzero solution of problem (1) be-
longs to M,. Moreover, by definition, we have that
u € M, if, and only if,

[ q p*
Jull #0 and fjull” = A [ fluliax+ [ Jul?dx. @)
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We will show that —co < ). In fact, let u € M, be
arbitrary, then by (2) and (3) we get

1 1 1
R e e P
N g )
Since g < p, it follows that I, is bounded from below on
M,.
For A > 0, define the functional ¥,
Pa(u) =< I\ (u),u >, this is,

= [lu|l? = Gdy — [ r
Pa() = P =2 [ flulidx— [ jul”dx.

: D =+ R, by

It is easily seen that ¢, is of class C! with

! = p_ Idx — p* r
< >= plul? =g [ flufidx—p [ Jul” dx.

Furthermore, if u € M), then by (3) we have that

<Yh> =(p = )l = (7 — ) [ Jul"dx @
=(p— p)ullP—(q - p* A/ 14x(5
(p = PIllullP = (g = p)A [ flul7dx(S)
As in Tarantello (1992), we divide M, in three sets;
My = {u e My :< ¢ (u)u >> 0},
MY = {u € M :< ¢y (u),u >= 0},

My ={u € My :< ¢\ (u)u ><0}.

The following result shows that minimizers on M,
are the “usual” critical points for I.

Lemma 2.1. Suppose that u is a local minimizer for I, on
My and ug ¢ MY, then I} (ug) = 0 in (D)*.

Proof. 1. We have that there exists a neighborhood U of g
in D, where

Auo) = min, Ih(w) ug}@} A (1),
l[J/\ u

Furthermore, by the Lagrange multipliers Theorem, there
exists p € R, such that I} (ug) = py) (uog). Then, since
ug € M, we get that

0=< I//\(uo),uo >=p < lpﬁ\(uo),uo >
Now ug ¢ MY, then p = 0 and consequently I} (ug) = 0 in
D*. a
Motivated by the above result, we will get conditions
for MY = @.
Lemma 2.2. There exists A = A(q,p,f,N) > 0, such that

M} =0 if
0<A<A.

Proof. 2. Suppose by absurd that MY # @ for any A > 0
small. Let u € MY be arbitrary, then we have by relations
(3), (4) and (5) that

0<ulf = =0 [ juprax, ®)
fulr = E=2 [
0</\/ f\uwdx—Tq” | dx. @)

Thus, for any u € MY, by relations (2), (6) and (7) we get

1

lull < (;j jZ)” (AC;) 7. ®)

For A > 0, define F\: D\{0} — R, by

. M
aa]|”
F =k|+—F
/\(u) (f]RN |u|p*dx
N
4

with k = k(q,p,N) = (p; f) (;f*iqq) . Notice that Fy is

defined on MY, for all A > 0. Also, by (6) and (7) follow that

- A/ Fluldx,

Fy(u) =0, )

for all u € MY. Now, if u € MY, by relations (2), (8) and
the definition of S, we infer that

Fuw) > k7 - ACyule

Y

Y

lulliceAr (Q=A77), (o)

‘7

where C = kSP Cf 7 (p 7’;)
For the future estimates we need some constants, namely

P*-p
P ‘7 4
q

1 c;l o P\ P
_ S pep p—q
(NCy) 777,C5 = g p*—Q<S ’ P*—Q> '

C =

1t N—p
C;/lks 7, Gy = NEc;t

N
Cy = kS¥ Cf
Defining

r—q p—q

0<A=A(qpfN)<min{C", C,C5C,",Cs5}, (11)

we obtain, if 0 < A < A, a contradiction between the relations
(9) and (10), which concludes the proof of lemma. O

It follows by Lemma 2.1 that if A € (0,A) and
ug € M, is local minimum of Iy on M,, then ug is
a solution of (1). Thus, our purpose is to find local
minimum of functional I, on M,. For this, for each A
we define

af = inf {I(u)} and

a, = inf {I
inf, ©= inf (L),

ueM;y
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Also, for each u € D\{0} consider

0 < tyax = tmax(”) = ( P*—q >
P =9

foallP |
Jow lulPrdx |

The following results establish some properties on

the sets M)jf, as well as, the values a)f.

Lemma 2.3. Forany A € (0,A) and u € D\{0}, we have:

i) if A [gn flul7dx < O, there exists a unique positive
constant t~(u) = t= > tyay, such that t“u € M,
and

I (t7u) =sup I (fu) > 0.
>0

it) if A [gn flul7dx > 0, then there exists unique positive
constants tT(u) = tT < tyay < t= =t (u), such
that t*u € M}, t~u € My and also

Bl = ef,

I/\(tu) <0,
Iy(t7u) = sup I)(tu) > 0.

tztmax

iii) My = {u e D\{0} 1 ¢~ (u) = Lt (W) - 1}.

iv) there exists a continuous bijection between sets
U = {ucD\{0}:|u|| =1} and M, . In particu-
lar, t~ is a continuous function on D\{0}.

Furthermore, we must have o), = ocj[ <0<ay.

Proof. 3. Let A and u satisfying the hypotheses. Consider
s:(0,00) = R, where s(t) = tP~1||u||P — tp*’quN|u\p*dx.
Recall that s € C*®, s'(t) > 0if t € (0,tmax), 8" (Fmax) = 0
and s'(t) < 0if t € (fyax,0). Note that tu € M, if, and
only if, s(t) = A [gn flu|7dx. Consider also the function
m : (0,00) — R, defined by m(t) = I,(tu). Note that
m € C® and m’'(t) = 0 if, and only if, tu € M,.

Suppose initially that A [pn flu|dx < 0. Since we have
that s(tmax) > 0, s(t) — —co as t — oo and s is a strictly
decreasing function on (tmay,00), there exists unique value
t™ > tyay, such that s(t7) = A [pn flu|9dx .

Since < Y (t7u)t u >= (t7)T1s'(+7) < 0, by defi-
nition we have that t u € M;. Now, since t = t~ is a global
maximum of function m and by fact of m(t~) > 0, we have

that Iy (u) = sup I, (tu) > 0, then we conclude i).
£>0
Now we suppose that A [ flul7dx > 0. Combining the
definition of S with k(q,p,N), we have

5% (=) - (4]

Np—Ngq

> kgpN)S 7 lull”.

\

S(tmax) =

From (2), (11) and by definition of C; follow that
S(tmax) > CfC2Hqu > CfAHqu
q l
> ACH|ull > A/]RNf|u| dx.

Thus, by the properties of function s, there are unique
tr < tpax < t7, where s(t*) = A [pn flulidx. Since
< @ (tFu) tFu >= ()T (1), we get tHu € M.
From the fact m'(t) < 0 if t € (047) U (t ,00) and
m'(t) > 0ift € (tT,t7) and also by m(t+) <0 < m(t™),
it follows that

L(tTu) = inf

I (tu) <0,
0<t<tmax A( )

and

L(t7u) = sup I)(tu) >0,
tztmux

which concludes ii).

Let u € M, be arbitrary. Considering w = ”Z—”, we
get that there exists an unique positive value t~ (w) such
that t~(w)w € M, , this is, t~ (L) o € M. Thus

el ) Nl

1 4= (ﬁ) =t~ (u) = 1, because u € M, . Therefore

Ju|

_ _ 1 ([ u
Conversely, if u € D\{0} is a function that satisfies
mt’ (ﬁ) =t~ (u) =1, then by the uniqueness of t~ (u),
we have that u € M, , which concludes iii).

Fix u € U arbitrary. Define G, : (0,00) x U — R by

Gu(tw) =< I} (tw), tw > .
Since Gy (t~ (u),u) =< I} (t~ (u)u),t~ (u)u >= 0 and

oGy,
8x1

(£ ()) = [t ()] ™" < YA (w)u)t~ (w)u ><0,

then by the implicit function Theorem, there is a neighbor-
hood Wy of u in U and an unique continuous function
Ty : Wy — (0,00) such that Gu(T,(w),w) = 0 for all
w € W, in particular T,(u) = + (u). Since u € U
is arbitrary, we have that the function T : U — (0,00),
given by T(u) = t (u) is continuous and one-to-one. Be-
ing T~ : U — M, , where T~ (u) = t~ (u)u, we get that
T~ is continuous and one-to-one. Now if u € M, then by
iii) we have that T~ (w) = u, where w = H—ZH Since t~ is
continuous on U, it follows that t~ is continuous on D\{0}.

Remain to show that o} < 0 < a; . Now since f4 # 0
is continuous, we can choose a function u in D\{0} such
that A [gn flul7dx > 0. Then by item ii) we obtain that
ay < Lt (u)u) <0.

Now we will show &, > 0. By (4) and definition of S,
for all w € M, we have that

r/p—q 17*17*17
Sr | — . 12
e
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By (2) and (3), for all u € M, , we obtain
Np) (V*q>
Ly(u) > ( ullf — AC|ul|?.
A(u) AL pr Fllull

From (11), (12) and by definition Cs we have, for all
u € M, , that

N—p, p*— q> ]
IuZu"[upq—< CrA
alu) 2 fJulf ) = lu] )
N - p=q
-p 1( P—Q>”*”
M g | ¥ —A
N f p*—q ]

~olF () ()

= ¢>0.

> C qu*_q
] p

Hence ), > ¢ > 0 and by Lemma 2.2, which concludes that
wy =0, <0<a. O

Now we will ensure that there are (PS), +—sequence
and (PS) -
the functional I.

Lemma 2.4. If A € (0,A), then

—sequence on M, and M, respectwely, for

i) there exists a sequence (u,) C M) such that
Iy (un) = ap +0(1) = af +o0(1),
I3 (un) = o(1) in D*.
ii) there exists a sequence (u,) C M such that
Iy(un) = &) +o0(1),
I (un) = o(1) in D*.
Proof. 4. Firstly we will prove item i). By the Ekeland

variational principle we get a sequence (uy) C My, such that

1
Iy (un) < ap+ o (13)

) < In(w0) + = ], (1)

foralln € New € My. We obtain that (uy) is bounded
in D, since o) < 0, there exists ng, where 2 < —nga), such
that by (3)

PP o, -
PP

for n > ng. Then without loss of generality, by (2) and the
fact of wy < 0, we obtain for all n

1 1
oMt )y <( —Iac sq>p 15

Now we will show that || I} (uy)||p+ — 0as n — oo, for this,
we need the following result.

I (1) = ”M/ Flug|7dx < %A

Claim 2.1. Let A € (0,A) be arbitrary. For any function
u € My(M)) there exists 0 < & = e(u) < M
1 : B(0,e) C D — (3,2) differentiable, such that 17( )=
n(w)(u —w) € My(M,) for all w € B(0,e) and for all
z € D, it holds

and

<7'(0),z >=

—p [gn [VulP2VuNVzdx + gA [pn flulT?uzdx
(p=a)llull? = (p* — q) g |ulP"dx

p* f]RN |u|p*

(p = Dllull? = (p* — ) Jgn lul?"dx

“24zdx

(16)

Assume the Claim for while. Let any u € D\{0}. Ap-
plying the Claim 2.1 for uy € M), we obtain a function
n: B(0,eq) C D — (1,2) dzﬁ(erentzable where 0 < g, <

H””“ , with 17,(0) = 1 and 11, (w) (un — w) € M for all w
in B(O en). Fix any 0 < p < &y, let v, = 11, (wp) (un — wp),
where w, = ﬁ. Since v, € My, by (14) it follows that

1
IA(UP) — I (un) > —EHUp — |,

and thus by the mean value Theorem, we get that

<I/’\(un),vp

By definition of v, we obtain

1
unll) > _EHUP — |-

<IA )

—up) +0(||v, —

—*Ilvp—un||< o([lvp — unll) —p
+ (1 (wp) = 1) (I () 1tn — wp)
Up— U I >
H 4 1’1” p< HUH

+ (7 (wp) = 1)(I) (1n) — I} (0p) tn —wp) -
Hence for all 0 < p < &, we have that

u n -1 / /
<I§\(”n)/u”> < ’Hw;)ﬂ)\(un)—l)t(vp)/”n_w@

va_”nH

o olllop = ).

wy) — 1
Since lim 7%1( p) |
p—0" P
sequence (uy) is bounded, also the functional I is conti-
nuous and lim Vp = Uy, we infer that there exists C > 0

< |74, (0) ]|, and noticing that the

p—0F
independent of p and n, satisfying
u C
(Bw)gr) < SOl a2

Now, we will show that ||1,,(0)|| is bounded for all n € IN. By
(15) and (16) we have that there exists C > 0, independent
of n € IN, such that

[[w]l

|<n,(0),w>|<C .
n (7 — )P = (p* — ) fltin| P ]
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Hence, it is enough to prove that there is § > 0 such that,
for n sufficiently large,

(P—q)llunII”—(P*—q)/ﬂ{NIunI”*dx >4 (18)

Suppose by absurd that there is a subsequence, which denote
simply by (uy), such that

(p = @) unll” = (p* = q) /}RN P dx = 0(1).  (19)

Since (u,) C My and by the relations (3), (15) and (19) we
have that

_(P=r
A [ Pl = (E=E )l +o0). @0)

Thus by definition of F) (see proof of Lemma 2.2) and by (19)
and (20), we obtain

Fy(un) = o(1). 2D

Since (1) C M), arguing as in (10), by combining relations
(2), (11), (15) with the definition of Cy, we get

Fy(ity) > —‘% (ﬂ’_q) AT (c4 —Aﬁ) +o(1).

p .
Now C4 > AP-1 and since o)y < 0, we have that there exists
ng and C > 0, such that

FA(Mn) > C,

for all n > ng, which contradicts (21). Furthermore there
exists & > 0, such that (18) is satisfied. Thus we have that
|17.(0)|| < C, for all n € IN and then by (17) we obtain
I (un) = o(1) in D*.

Proof of Claim 21. Consider u € M,. Define the function
F:R"xD =R, by

Finw) = (I (n(u—w)),n(u—w))
= ' lu—wl? =y [ flu—wlfdx

—17”*/N|u—w|”*dx.
R

Now since F(1,0) = 0 and %F(LO) =< ¢\ (u)u >#0,
because u ¢ MY, it follows by the implicit function Theo-

rem, that there exists ¢ > 0 where ¢ = e(u) < @ and

7 B(0e) C D — (1,2) functional differentiable, such

that 1(0) = 1, F(n(w),w) = 0 for all w € B(0,¢), this is,

n(w)(u —w) € My, for all w € B(0,e). We also get that
IF(1,0)

8x2 w . .
—SE0) for all w € D, this is, the

axl

< 7' (0)w >= —

equality (16) holds.

Consider now the case u € M, . Similarly we obtain
0<e=c¢(u) < % and 1 : B(0,) C D — (3,2) differ-
entiable, such that n(0) = 1, y(w)(u — w) € M,, for all
w € B(0,e) and verifying (16). Suppose by absurd, that
there is no 0 < & < & such that, n(w)(u — w) € M, , for all
w € B(0,€). Then there exists (w,) C D where € > ||wy||,
lwy| — 0, n = oo, and v, = n(wy)(u —wy,) ¢ M,.
Therefore (v,) C M, because v, ¢ MY (Lemma 2.2). By
relations (2) and (5) we obtain
0 < < yh(vn)on>

p—q
[0

1
=i
Cf

IN

[onll7Cr(p* —q) g

By the above inequality, definitions of €, Cs, from (11) and
(12) we have

q q * _ P*_P ”quiq
0 < 3 ||u|| Cf(P q) [A (P*_q> 4pchf

< 3MullC(p" —q) [A = G5] <0,

forall n € R, which is a contradiction. Thus there exists
0 < & < esuch that 5(w)(u —w) € M, , for allw € B(0,€),
which concludes the proof of Claim 2.1. The proof of ii) of
Lemma 2.4 is similar to case i). O

As consequence of hypothesis (H) we have the fol-
lowing result.

Lemma 2.5. If (u,) is a sequence in D, such that u, — u
weakly in D, then there exits a subsequence (uy,) such that

nli_r>rc}o/]RNf|un|‘7dx:/]RNf|u|qu.

Proof. 5. Since u, — u weakly in D, passing to subsequence
if necessary, we have that u, — u strongly in L] (RN).
Now, since (uy,) is bounded in D, there exists C > 0 such
that ||uy||;, < C for all n € IN. Consider for any r,R > 0

*

P —q

|f(x)| / L*p* g
A, = su 2|x|r* -1 dx
U |x|? |x|<r el

|x[<r

and

*

P —q

_ap*
AR — sup |f(xa)‘ (/ 2|x| P-4 dx)
x=r ¥ |x|[=R

Let € > 0 arbitrary. It follows by (H) that A, — 0 as
r — 0and AR — 0as R — co. Consider ry, Ry such that
ArO,AR0 < 3&7. Now
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‘/IRNfHMnW — |u|q]dx S Cq(Arg +AR0)

+ sup|f(x)]

r0<|x[<Ryp

rosS|x

Since uy — u in LT (RN) and f is locally bounded in

RN\ {0}, there exists ny € IN such that

foarl

for all n > ny. Then, for n > ngy we have that,

sup [f(x)]

r0<[x[<Rg

g1 — ] x| < 5,

< &

o Al = )

Since € > 0 is arbitrary, we complete the proof. O

The following remark of Brézis e Lieb (1983), (see
(Kavian, 1993, Lemma 4.8)), follows by applying Fatou’s
Lemma.

Remark 2.2. If QO C RN is a open set, (g,) is a bounded
sequence in L'(Q)), 1 < r < co such g, — g a.ein Q), then
g € L"(Q) and g, — g weakly in L"(QY).

A proof a next result can be found (Jianfu, 1995,

Lemma 2.2).

Remark 2.3. Let (uy,) be a (PS).—sequence for I. Then,

there exists a subsequence, denoted again for (u,), such that
Vi, — Vu aein RN,
ou ou
p—227n p—2°2% / p *
[V, ox; |Vu| e weakly in  (LP(Q))%,
foreach 1 < i < N, for all open set QO C RN.
Now, we will give a detailed description of the
(PS)—sequences for I,.

Lemma 2.6. Let A € (0,A) be arbitrary.
(PS).—sequence for 1, which ¢ # 0 and

If (uy) is a

|z

7Sp
C<Dé)\+N

Then (uy) has a convergent subsequence.

Proof. 6. Recall that by Remark 2.1, we get that (uy) is
bounded and there exists u € D such that, u, — u weakly in
D, where u, > 0 and u > 0. Suppose by absurd that u = 0.
Then, by Lemma 2.5 we have

/]I.{N ful dx = o(1).

9 |u|dx .
[l )

Thus, by (I} (un),un) = 0(1) and the last relation, we have

that
p =
||u71|| /]RN

Then, by the above relations

ul dx +o(1). 22)

¢ = D) +0(1) = [P+ 0(1)

If ¢ <0, by the above equation, we have a contradiction If
¢ > 0, there exists ng € IN where ||u,||P > § if n > ng.
Then, by (22), the definition of S, the fact of a, < 0 and the
above equality, we obtain for n > ny, that

<+ oS < LullP = c+o(1)
A N — N n - ’
which is a contradiction. Therefore u # 0.

In order to prove that u € M,, it is enough to prove that
I' (u) = 0. Firstly, we will show for all ¢ € D that

./]RN fu?flqodx — /IRN fulledx, (23)

ub 1
RN

Consider A,, AR as in Lemma 2.5, then by Holder inequality
we have

pdx — /]RN u? odx. (24)

Flul ™ o — ui ) dx

oo
< (Ar+ AR)H”nH

+ sup [f(x |\/

r<|x|<R

gl

[l1n)? = Jul?] x|,
<|x|<R

which shows relation (23), since (||uy||,,+) is bounded, the
limit A, — O0asr — 0, AR — 0as R — oo, f is locally
bounded in RN\{0} and u, — u strongly in Lloc(]RN)
The relation (24) follows from Remark 2.2, observing that

¢ €D — LT (RN).
Thus from Remark 2.3 we get

p=2 p-2
/]RN [Vuu|P~*Vu,Vedx — /]RN |Vu|P=“VuVedx, (25)

forall ¢ € C. Since D is the closure of CZ°, we obtain that
(25) is satisfied for all ¢ € D. It follows by (23), (24) and
(25) that

(I\(u),p) =0, forall ¢ €D,

this is, I/’\(u) = 0. Then, u € My, in particular, I, (u) > .
We will show that, up to a subsequence, u, — u strongly in
D. Consider z,, = uy — u, we affirm that

lzull? = [ lzal?”dx = 0(D) 6)
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Since z; — 0 weakly in D, from Remark 2.3 and (Brézis e
Lieb, 1983, Theorem 1) we have that

[unllP = llznll” + [[u]l” 4 o(1), (27)
and
/]RN uﬁ'dx:/lRN up*dx—f—/]RN |za|P dx 4+ 0(1).  (28)
We get, by Lemma 2.5 that
| —
.]RNf (un u ) dx =o(1). (29)

Now, since (I} (un)un) — 0 and (I} (u),u) = 0 we have
that

o(1) = ||un|\p—)\/H;Nfude—/RN ul dx

=l = A [ b= [ uax
_/]RN |z |P dx +0(1)

= () + zallr = A [ (=) ax
*/]RN |za|?" dx + 0(1)

= lzall = [ 2l dx+0(1),

and so (26) is proved.

N .
Since Iy is continuous and ¢ < «) + %S P, there exists
ng € IN and € > 0, such that if n > ng we have

1 SM I
—_GQp _—
)+ N e > I(uy),

now, by (26), (27),(28), (29) and the fact of I, (u) > a, we
obtain that

1 1 *
L) = )+l = [ el 4 o(1)

\Y

1
wy + gzl +o(1).

Then, by the above relations, we get for n large that

N
|znllP < S7. (30)

We affirm that ||z, || — 0as n — co. Let us assume by contra-
diction that there exists 6 > 0 such that, up to a subsequence,
l|zn|| > 8. Then by the definition of S and the relations (26)
and (30) we obtain that

N
y Jzull

<liminf {
(Jrn |2a|P"dx) ¥

which is a absurd. Then, ||z,|| — 0 as n — oo, namely,
uy — u strongly in D. g

S

3z

}zliminf{\|zn||p}<51f\’,,

3 Existence of a Solution

We have all the tools necessary to obtain a solution of
(1), in fact, in the next result we will get a solution u,
of (1), where u) € Mj.

Proposition 3.1. Fix any A € (0,A). Then there exists a so-
lution of (1), uy € My, satisfying I (uy) = a) = a; <0,
where ||luy]| — 0as A — 0.

Proof. 7. By Lemma 2.4 i) follows that there exists (u,) C
M, satisfying

Iy (up) = apy +o(1) = ai +o(1),

I3 (un) = o(1) in D¥,

this is, (1) is a (PS)q, —sequence for Iy. By fact of ay < 0,
it follows from Lemma 2.6 and Remark 2.1 that there exists
uy € D, where uy, > 0 and, up to a subsequence if neces-
sary, u, — u, strongly in D, in particular, we obtain that
I3 (up) = 0and I)(uy) = ay = af < 0. Consequently,
u) > 0 and since ucj <0 < a,, we obtain that u, € M/T
By (2) and (5), we infer that there exists C > 0, indepen-

dent of A, such that

Juall < C(ACH)TT,

and thus we conclude the proof. O

In order to obtain the second solution for problem
(1) we need some conditions on of the regularity of such
solutions. For this respect we have the following result.

Proposition 3.2. Let u a solution of problem (1). Then,
for any open set Q such that Q CC RN\{0} there exists
0 < 7 < 1such that u € CL7(Q).

Proof. 8. Consider () and Q) satisfying the hypothesis, where
Q Cc . By a similar arguments used in the work (Gar-
cia Azorero e Peral Alonso, 1994, Theorem A.1), we can
conclude that the function u € L®(QY'). It follows from (La-
dyzhenskaéiéa, 1968, Theorem 1.1, p. 251) that there exists
a constant v = (| |~y ull () € (01) such
that u € C%7(Q). Then by (Tolksdorf, 1984, Theorem 1) we
obtain that u € CY7(Q), which conclude the result. O

4 Second Solution

In order to obtain the second solution to (1), first we
will show the inequality

L1
N

=[z

oy <oy S
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For this, consider 1, € M the solution of (1) obtained
in Proposition 3.1. By definition of M/J\r and the relation
(5) we get that [pn f4+u? dx > 0. Then we consider

L =X%()) = {y e RM\{0}: fo(y) >0 and u,(y) > o}.

Since fy and u, are continuous functions, consider for
each y € X a positive constant R = R(y) < ||y||, where
fi(x) > 0and uy(x) > ”"T(y) for all x € Bor(y). Let
¢y € C(RN) a cut-off function with support Byg(y)
such that ¢, is identically 1 on Bg(y).

Given ¢ > 0, define

N-p

L P

er-

we(x) =k | 57— ,
er 1+ |x|p1

N—p

-1 2
where k = <N <%>p ) " . From Talenti (1976), we

obtain for all y € RY that wy,¢(x) = wy(x —y) solves
the special Sobolev critical equation

—Apu=u""1, in RV,

* . N
and also ||wy,€||ip* = |lwye || =S
Given ¢ > 0 and y € %, define

Pye(x) = Py(x)wye(x), x € RN,
and
Vye(x) = W, x € RN,
yellpp

Then, we have the following result.

Lemma 4.1. Let A € (0,A) be arbitrary. Then, foraey € ¥,
there exists eg = eo(y,A) > 0, such that

1 N
p/

sup I/\(M/\ + lvy,g) < &) S (31)

+ —_
>0 N
forall 0 < e < g.

Proof. 9. Consider, for simplicity, ve = vye. Foralle > 0
we get that (ve) C D is bounded and since I is continuous,

N
with Iy (u)) = ay < ay + %SV, we infer that there exists
I = 11(A) > 0 such that

N
3
Ly(uy +1ve) <y + N’
foralle > 0and 1 € [0,11]. We also get a I > 1;, which is

independent of € > 0, where if | > I, then

1 N
Iy(uy +1ve) < 0(A+NSV -1,

because [p vf*dx = 1forall e > 0. Thus
1N
sup  Di(upy+1lve) <ap+ =57, (32)
1€[0,11]U[l,00) N
for all e > 0. To complete the proof, by relation (32), it is
enough to find eg > 0 where if e € (0,9) we get

I(uy +1ve) < ap + %S%, forall 1€ [ly,l].

First, we will show the case where p = 2. The proof is
in Miotto (2010), but for the sake of completeness, we will
give a sketch of the proof. Since f > 0 in the set where
Ve = Oy, > 0, it follows from the estimates obtained by Brezis
e Nirenberg (1983, 1989) that

1 N

D(up+1vye) < Iy(up)+ NS7 - lz**l/]RN uwﬁfgldx

N-2

+O(eN72) +O(N) +o(e 7 ),

foralll € [I3,lp] and e € (0,1). By using a similar argument
to that used in (Tarantello, 1992, Lemma 3.1), we can conclude
that for every | > 0and a.e y € X, there exists eg = e(y,A) >
0 such that for all | € [l4,I;] and € € (0,e0) that

1
Iy (up +1oye) <zx;\+ﬁs% (33)

Then if p = 2, the result follows from (32) and (33).
Now, we will consider the case p > 2. We will adapt some
arguments used in [ianfu (1995). Note that

(a—i—b)r—ar—br—mr—lbzo, a,b>0,r>1. (34
By (Jianfu, 1995, (4.15)) we obtain, for each n,17" € RN that
(1P =20+ 1" 120" o+ ') =l +0'P. (35)

Since I) (upn) = 0 and up > 0, we obtain that

/IRAJVuAV’*zVuAVUSdx:/RNfui_lvedx—i—/]RI\v,tK “oedx.

Then, by the above equality, the relations (34), (35) and the
fact of HUEHZP* = 1, we obtain that

I (up + lve)
< L [V P2V, 1V 0 P21V 0,) (Vi +1V 0, )dx
—% Jrn fup + Toe)Tdx

1 i+ )P+l o

-1
=Li(up) - % S fl(un +1oye)7 —ul — %uz\ lve]dx
+%”05Hp - IPL* =+ % f]RN |Vve|p72VUEVMAdX

—E fn ulh o, (36)



377 Miotto: Multiplicity solutions for a class of quasilinear critical problems in...

Consider for any ¢ > 0 the function m, : [0,00) — R
where,
tP r*
me(t) = —|[vel[V = —.
It follows from (Jianfu, 1995, (4.26)) or (Noussair et al., 1993,
Lemma 2.2) that

1 N N-p
supme(t) < —=S7 +O0(er1). (37)
£>0 N

For any y € ¥ we have that f > 0 in Byr(y) and ve > 0
with ve = 0 in RN\Bygr (y) and since 1 < q < p, it follows
from (34) that

/]RNf[(”/\ +lve)T —uf — %ui’llvs] dx > 0.

Then, by I)(uy) = wy, the last relation, (36) and (37),
we obtain that

1 N
I\(uy +1ve) < oc/\+—5!’+K1/ |Voe|P =2V 0, Vuydx
N RN

N-p

K /}RN W’ Vodx + 07T, (38)

for any 1 € [I3,lp] and € > 0, where Ky, K, are positive
constants which are independents of €. Direct calculations
(see e.g. Huang (1998); Jianfu (1995)) show that

o ) ifr> N
N(p—r)
/N|Vv£\rdx: Ofe 7 In(e)) ifr= Nl(fjll) (39)
R (N—p)r . N( —l)
O(g p(p-1) ) ifr < prl
O(EN@;’HW ifr> %,: _ NIE]p:pl)
/IRN|vg|rdx: O In(e)) ifr=1 (40)
(N=p)r *
O(er®-1) ifr < %
Therefore,
‘/}RN |Ve|P 2V, Vuydx
< max |Vu)‘(x)\/ Vo [P~ 1dx
Bor () Bor(v)
N—p
— o), (a1)
p*—1 . p*—1
/]RN uy vedx > Brzl;l(ryl) uy " (x) /]RN Vedx
N-—p
= C(yA)ertr-1. (42)

Thus, by (38),(41) and (42), for all 1 € [I1,l5] and € > 0 we
have

1 _n N-p N-p
D(uy+1ve) < ap+—=S7+0(rT)+0( 7 )
N—
—KyC(y,A)err-D (43)

Since p > 2, there exists eg = €(y,A) > 0 such that

N-p N-p_

N—
O(er 1) +0(e 7 ) — KaCy,\)e?# D <0,

forall e € (0,e0). Then, by (43) we have for all I € [I3,1]
and ¢ € (0,e0) that

1 N
v,

I)\(MA—‘l_lvy’g) <DCA+NS (44)
From (32) and (44) we obtain
1N
sup Iy (upy +1vye) < ap+ =S7,
>0 N
forall € € (0,e), which concludes the proof. O

Now we will get a solution of (1) with positive ener-
gy, namely, U, solution of (1) where U, € M, .

Proposition 4.1. Let A € (0,A) be arbitrary. Then there
exists U, € D solution of (1), where I) (U,) > 0.

Proof. 10. Let A € (0,A), y € Zand 0 < ¢ < go(y,A) be
arbitrary such that (31) holds. First, we will show

N
p

1
@y <+ ST (45)

By Lemma 4.1, it is enough to find ly > 0, such that the
function uy + lyvye € M, . Consider Ay = {u € D\{0} :
t~(u) <1} U{0} and Ay = {u € D\{0} : t~(u) > 1}.
Follows from Lemma 2.3 iii), that D\M, = A1 U Aj. Since
uy € My, by Lemma 2.3 that 1 =t (uy) <t~ (uy), this is,
uy € Ay. We will find >0, such that u, + Tvy,g € Ai. We
affirm that there exists ¢ > 0, such that

Uy +Iv
0<t (W) <
lupn + loyell

forall 1 > 0. Suppose by absurd that there isn’t a positive
c. Then there exists (1,) C [0,00), where I, — oo and

u/\+11127y,€ —
m, then t (Zn) — 00, By the

bounded convergence Theorem we get that

if consider z, =

. vy el dx
/ |z |P dx—>7flRN| T -1
JRN [0y,ell7

Since (t~(vn)vn)n C M, by definition of a, it follows that
I\(t™ (zn)zn) is bounded from below by a, > 0, but
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WGz = () - e g

q
t=(zn)]P '
_% / |z | dx,
p JRN
that follows to —co as n — oo. Thus there exists ¢ > 0, where

_ u)+1vye 7
0<t (7\|u)\+lv%g\|) <c forall] > 0. Let | > 0, such that

lur + Tvye|| > c, then we get that

B Uy + fvy,g
[[ur + Toy el

<=

*

) <c< ||uA+Tvy,g||,

C = . 1 | up+tlvye
this is, t (u)\+lvy,g)f”uﬁl~kut (Iuﬁfvy,sl < 1. Hence

up + loye € Ag Consider F : [0,1] — (0,00) defined
by F(s) = t (uy +slvye) for all s € [0,1]. Notice that
F is continuous, F(0) = t (up) > 1 and also F(1) =
t~(up + lvye) < 1. Then there exists so € (0,1) such that
F(so) = 1, thisis, t~ (up + solvy,e) = 1. Defining ly = sol,
we have by Lemma 2.3 that uy + lyvy. € M, . Thus by

Lemma 4.1 we have that o, < a) + %S%, where we con-
clude relation (45).

By Lemma 2.4 i) follows that there exists (uy,) in M, , a
(PS)a; —sequence for I,. By (45), it follows from Lemma 2.6
and Remark 2.1 that there exists U, € D, where Uy > 0and,
up to subsequence, u, — U, strongly in D, in particular, we
get that I} (Uy) = 0 and I,(U,) = ) > 0, consequently,
Uy > 0. Since (uy) C M, , by (5) and by Lemma 2.2 follow
that () (Up), Uy) < O, this is, Uy € M} . O

Now, we will show the proof of Theorem 1.1.

Proof of Theorem 1.1. Let A € (0,A) be arbitrary. In
Proposition 3.1 we get a solution u, € D of (1), where
Iy (uy) < 0. By Proposition 4.1 we obtain U, € D solution
of (1), where I, (U,) > 0, it follows the result. O
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